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Abstract. Let fc be a totally real number field. For every odd n > 3, we 
construct a Dedekind zeta motive in the category MT(A:) of mixed Tate mo- 
tives over fc. By directly calculating its Hodge realisation, we prove that its 
period is a rational multiple of 7r"l'°'™f*(l — n), where Cfc(l ~ ") denotes the 
special value of the Dedekind zeta function of fc. We deduce that the group 
r ^ ^ ExtJ,„,. , (Q(0), Q(n)) is generated by the cohomology of a quadric relative to 

^^ ■ hyperplanes. This proves a surjectivity result for certain motivic complexes for 

^V( ' k that have been conjectured to calculate the groups ExtJ^,p/j_x((Q(0), Q(n)). 

(-H ^ In particular, the special value of the Dedekind zeta function is a determinant 

-4-^ , of volumes of geodesic hyperbolic simplices defined over fc. 
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1. Introduction 



1.1. Motivation and history. This paper was motivated by a desire to reconcile 
two important and complementary results due to Zagier and Goncharov. 

Firstly, in 1986, Zagier obtained a formula for the value C/<'(2), where K is any 
number field, as a linear combination of products of values of the dilogarithm func- 
tion at algebraic points 65J, giving a spectacular generalization of Dirichlet's class 
number formula. The idea is to compute the volume of an arithmetic hyperbolic 
manifold in two different ways. Suppose that K is quadratic imaginary, and let T 
be a torsion- free subgroup of finite index of the Bianchi group PS\-2{0 k) ■ Then T 
acts on hyperbolic 3-space H'^, and a classical theorem due to Humbert states that 

vol(HVr) = ^i^CK(2), 

where d is the discriminant of K, and n is the index of T in PS\-2{Ok)- On the 
other hand, a hyperbolic manifold can be triangulated using geodesic simplices, 
whose volume, by a calculation originally due to Milnor, can be expressed in terms 
of the Bloch-Wigner dilogarithm function 

D{z) = Im(Li2(2;) + log |2:| log(l - z)) , where ^2(2;) = X! ~ ' 

n>l 

The volume of H^/F can therefore also be expressed as a sum of values of dilog- 
arithms. Equating the two volume calculations yields Zagier 's formula. This in 
turn motivated his conjectures relating polylogarithms to special values of zeta and 
L-functions [28]. In the original paper [65], he also obtained a formula for C-R'(2) for 
any number field by considering groups acting on products of hyperbolic 3-space. 
However, one problem is that the dilogarithms are evaluated over some finite exten- 
sion of K, rather than K itself. Another problem is that it is far from clear how one 
could prove that the sums of products of dilogarithms are in fact a determinant, as 
should be the case. 

The results of Zagier were subsequently reinterpreted in terms of algebraic K- 
theory by a large number of authors, which we will not attempt to list here. Essen- 
tially, the gluing equations between simplices imply that an (ideal) triangulation of 
a hyperbolic manifold defines an element in the K -theory group if3(Q)(8)Q, via the 
so-called Bloch group. The dilogarithm can be interpreted as the regulator map. 
Some of these ideas are surveyed in [8l [28l [44] . The connection with the theory of 
mixed Tate motives emerged in the papers [5j [6] . 

Secondly, in the paper [29j . Goncharov generalized these constructions for any 
discrete torsion- free group F of finite covolume acting on hyperbolic n-space H", 
for n — 2m — 1 odd. For any such manifold M = ]HI"/F, he constructed an element 

Cm ei^2m-i(Q)<»Q , 

such that the volume of M is given by the regulator map on ^m- In fact, he gave 
two such constructions, but it is the motivic version which is of interest here. The 
main idea is that a finite geodesic simplex in hyperbolic space defines a mixed 
Tate motive. By triangulating the manifold M, and combining the motives of each 
simplex, one obtains a total motive for M. If M is non-compact, he uses the Sah 
isomorphism to replace the original triangulation with an equivalent, finite one. He 
then proves that the motive of M is an extension of Q(0) by Q(n), and identifies 
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the group of such extensions with K2n-i{Q) ^ Q. The proof of this fact is analytic: 
it uses the fact that angles around faces in a triangulation sum to multiples of 27r, 
and uses the full faithfuUness of the Hodge realization. 

In this paper, we give a common generalization of both Zagier and Goncharov's 
results. Firstly, we give a complete list of arithmetic groups acting on products of 
hyperbolic spaces H"^ x . . . x H"" , and compute their covolumes, up to a rational 
multiple, in terms of zeta and L-functions. This uses well-known Tamagawa number 
arguments. Next, we show that any complete product-hyperbolic manifold M of 
finite volume admits a triangulation using products of geodesic simplices, and use 
this to construct a well-defined mixed Tate motive mot(A/). In the case A^ = 1 
when there is a single hyperbolic component, our construction is different from 
Goncharov's in the non-compact case and avoids the use of the Sah isomorphism 
for hyperbolic scissors-congruence groups. We then prove that 

mot(Af) G Ext\(Q(0), Q(ni)) (g) . . . (g) Exti(Q(0), Q{nN)) 

using a purely geometric argument. Thus the construction is completely motivic. 

Let fc be a totally real number field, and n an odd integer > 3. The Dedekind zeta 
motive is obtained in the case where F is a torsion-free subgroup of the restriction 
of scalars Rk/QS0{2n — 1,1), and its period is directly related to Ck{n). In this 
case, we prove that mot(M) is in fact a determinant. Using Borel's calculation 
of the rank of algebraic K-groups, we deduce that mot(M) is a multiple of the 
determinant of the algebraic iiT-theory of k. This gives generators for K2n-i{k) ® Q 
in terms of hyperbolic geometry and proves, in particular, that the zeta value is a 
determinant of volumes of hyperbolic simplices, which seems to be inaccessible via 
a purely geometric argument. 

Before stating our main results in greater detail, we give a brief digression on 
mixed Tate motives and elementary motivic complexes. 

1.2. Motivic complexes. Let fc be a number field. There exists an abelian tensor 
category MT(fc) of mixed Tate motives over fc, whose simple objects are the Tate 
motives Q(n.), for n e Z, and which is closed under extensions [22] . The structure 
of this category is determined by its relation to algebraic ii'-theory: 

(1.1) ExtW(.)(Q(0),Q(n))^{5^^^_^(^^^^ llf\^^ 

and the fact that all higher extension groups vanish 22J. By a theorem due to 
Borel Ji)], one has Ki{k) = k^ , and for n > 1, 

ri + r2, if n is odd ; 



(1.2) dun^iK2.-^{k)^Q) = n^-, ^^^ if „ is even 

where ri is the number of real places of fc, and r2 is the number of complex places 
of fc. The Hodge realisation functor on MT(fc) gives rise to a regulator map 

(1.3) rn : Exti,iT(fc) (Q(0), Q{n)) -^ K"± . 

The importance of the regulator is in its (largely conjectural) relation to the special 
values of Artin L-functions PlI^I^HT]. 

There have been various attempts to construct categories of mixed Tate motives 
from the bottom up, out of simple geometric building blocks. In particular, the 
groups (jl.ip should be the cohomology groups of certain motivic complexes, and 
should therefore be given by explicit generators and relations. This leads to the 
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following problem: to construct elements in ExtMx.j.j(Q(0),Q(n)) out of the co- 
homology of simple algebraic varieties, and calculate the image under (|1.3p . This 
problem can be formulated in a precise manner in at least three different ways. 

1.2.1. Hyperplanes. The approach of [Sl[7] uses the relative cohomology of arrange- 
ments of hyperplanes in projective space. Consider a pair of simplices (L, M) in 
P", defined by a set of 2n + 2 hyperplanes Lq, . . . ,Ln, Mq, . . . , Af„ C P" in general 
position. If {L, M) are defined over fc, such a pair defines a mixed Tate motive: 

(1.4) H'^{F"\M, L\{L n M)) e MT(fc) . 

The scissors-congruence group for hyperplanes, which we denote S!^{k), is defined 
by taking the Q- vector space generated by all (admissible) pairs (L, M) defined 
over k, modulo a certain number of relations, of which the most important are: 

n+l 



^(-l)'(Lo,...,L,,...,L„+i,M) = 



i=0 

along with a similar equation for M instead of L, and the relation {gL,gM) = 
{L, M) for all g € PSL„+i(fc). If one considers hyperplanes in general position only, 
one can show that the graded vector space S^{k) has a coproduct [66]. Let H^{S^) 
denote the subspace of primitive elements of degree n. Then one obtains a map 

(1.5) (/.'' : i?i(^^(fc)) -^ Exti,iT(fe)(Q(0),Q(n)) . 

A conjecture in [6] (see [65]), in the number field case, states that the map </)'* is an 
isomorphism. In particular, its surjectivity would imply that (jl.ip is generated by 
motives of hyperplanes (|1.4p . 

1.2.2. Quadrics and hyperplanes. Another approach to the same problem was pro- 
posed by Goncharov in [5S]. Let Q denote a smooth quadric in p2n-i^ ^^^ -^^^ 
Li, . . . , L2n denote 2n hyperplanes in general position with respect to Q. If the 
pair {Q,L) is defined over k (and if the discriminant of Q is in fc^^), this defines 
what we shall call a quadric motive: 

(1.6) i?2"-i (p2"-i\Q, L\{Q n L)) e MT(fc) . 

The vector space of Q-linear combinations of pairs {Q,L) defined over k, modulo 
an additivity relation for L, and the natural action of PSL2„(A;), defines a second 
scissors-congruence group we denote S^{k). Goncharov proved that the graded 
vector space S^{k) is a Hopf algebra, and made a conjecture in [5S| which in the 
number field case states that 

(1.7) 0^ : H\S?,{k)) -^ Extl,T(fc)(Q(0),Q(n)) 

is an isomorphism. The surjectivity would imply that (jl.ip should be generated by 
quadric motives. We will prove this when fc is a totally real field. In this case, the 
pair (Q, L) can be interpreted as a simplex in hyperbolic n-space. 

1.2.3. Polylogarithms. A third approach is via Beilinson and Deligne's reformu- 
lation [5] of Zagier's conjecture on values of Dedekind zeta functions [5S]. For 
any number field k, one can construct a polylogarithm motive Pniz) € MT(fc) 
parametrized by an element z G k\{0, 1}, whose Hodge realisation is given by the 
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polylogarithm mixed Hodge structure. In the case n = 2, this can be written as 
the matrix: 

/ 1 \ ^ ^fc 

(1.8) Lii(z) 2m Q \ , where LinC^) = X! "PT ^°^ n>l . 
\ lji2(z) 2'iii\ogz {2mY J fc=i 

The Bloch group Bn{k) is defined by the set of Q-hnear combinations of parameters 
z € k\{0, 1} satisfying an admissibility condition, modulo the set of all functional 
equations of the n'^ polylogarithm. Beilinson and Deligne constructed a map: 

(1.9) 0P : B„{k) — > ExtiiT(fc)(Q(0),Q(«)) . 

The 'hard part' of Zagier's conjecture consists in showing that (p^ is surjective, 
i.e., that (|l.ip is generated by polylogarithm motives. There is a more precise 
formulation in terms of polylogarithm complexes due to Goncharov |32| . 

1.2.4. Zeta values. The surjectivity of any of the maps (jl.Sp . (|1.7p . (|1.9p would 
imply a statement about values of zeta functions, as follows. Let Cfe('S) denote the 
Dedekind zeta function of fc, and let Q{1 ~ n) denote the leading coefficient in the 
Taylor expansion of C,k{s) at s = 1 — n, for any integer n > 2. The image of the 
(normalised) Borel regulator 

(1.10) rB:if2n-i(A:)®Q^M"± , 

is a Q-lattice A„(/c) whose covolume is well-defined up to multiplication by an 
element in Q^ . Using the isomorphism of rational i^-theory with the stable coho- 
mology of the linear group, Borel proved by an analytic argument in [llj that 

(1.11) Cfc(l-")~Qx covol(A„(A:)) . 

If one combined this with the isomorphism p.ip . compared the regulators r^ and 
TflO, and proved the surjectivity of one of the maps (/) above, one would obtain 
a concrete formula for C^(l — n) modulo rationals. In the case of the map </)'', 
this would express C^(l — n) as a determinant of Aomoto poly logarithms, and in 
the case of the map 0p, this would express Q.{1 — n) as a determinant of classical 
poly logarithms. The latter is precisely Zagier's conjecture, which is at present only 
known in the cases n = 2 and n = 3 [31j . 

However, such an approach would be highly circuitous, and one should seek a 
direct motivic proof. In this paper, we do exactly that in the totally real case. 
We prove that the map (ffl for quadric scissors-congruence groups is surjective for 
every totally real number field fc, and directly relate the covolume of the image of 
the Hodge regulator th with C^(l — n), for all n > 2, without using Borel's result 
(jl.lip . This gives a set of generators for (jl.ip for any totally real number field in 
terms of quadric motives. 

1.3. Main Results. Let A: be a totally real number field. If n is even, the group 
p.ip vanishes. For every odd n > 3, we construct a canonical Dedekind zeta motive 

(1.12) mot„(fc) e MT(fc) , 

using arithmetic subgroups of the special orthogonal group S0(2n— 1, 1) (see below). 
The motive mot„(fc) is a sum of products of quadric motives (|1.6p defined over fc, 
and carries a natural framing. 



This is not straightforward: see, for example .17. . and the remarks in §1.6 of | 22| 
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Theorem 1.1. The framed equivalence class of the element mot„(fc) satisfies 

[mot„(fc)] e det Ex4T(fc)(Q(0),QN) , 

and its image under the regulator () J. j'|) is a non-zero rational multiple o/C^(l — Ji). 

Theorem 11.11 is a motivic analogue of Borel's theorem (|1.11[) in the totally real 
case. However, the proof of theorem ll . H is entirely different, as it uses rjj rather than 
rs, and works completely inside the category MT(fc). This opens up the possibility 
of studying other realisations of mot„(fc), and not just its Hodge realisation. 

Theorem 1.2. If k is totally real, the map (f)'' o/ ( | J . 7p is surjective. 

Thus every element in ExtJ^4rp.^s(Q(0),Q(n)), for k a totally real number field, is 
obtained from a linear combination of quadric motives. Theorems 11.11 and 11.21 also 
hold for certain quadratic extensions of fc, and in fact for any number field (with 
no restriction on the complex places) in the particular case n — 2. 

The element mot„(fc) is defined in the following way. Let H™ denote hyperbolic 
space of dimension m, and let Ok denote the ring of integers of k. Then any 
torsion-free subgroup T of finite index of S0(2n — 1, l){Ok) acts properly discretely 
on r = [k : Q] copies of H^""^. The quotient is a product-hyperbolic manifold 

M = H^"-! X ... X H^^-i/r . 

Then, using a trick due to Zagier, one can show that M can be triangulated using 
products of hyperbolic geodesic simplices defined over k. By an idea due to Gon- 
charov, a hyperbolic geodesic simplex in the Klein model for H^"~^ is a Euclidean 
simplex L inside a smooth quadric Q, and so defines a quadric motive (|1.6p . One 
shows that the total motive of M , obtained by summing over all products of sim- 
plices in the triangulation, gives rise to an element mot„(A:) g MT(A:) whose framed 
equivalence class is well-defined. The gluing relations between simplices imply that 
[mot„(fc)] € 0ffc.Qi ExtMx^j,^(Q(0),Q(n)), generalizing a result due to Goncharov 
for ordinary hyperbolic manifolds. Theorem ll. H is then proved using the fact that 

vol(Af)=a7r"'^C(l-n), 

for some a G Q^, which follows from a Tamagawa number argument. This in turn 
implies theorem 1 1.2 1 using the fact that the rank of ExtJ^jx(.j,j (Q(0), Q{n)) is exactly 
r, which follows from (|1.2p . There are two corollaries. 

Corollary 1.3. Let M e ExtMT(fe)(Q(0)'Q("))- The periods of M undern'^rH are 
Q-linear combinations of volumes of hyperbolic {2n — l)-simplices defined over k. 

Corollary 1.4. The special value Cfc(l ^ "■) is, up to a rational multiple, a deter- 
minant of (-K^^-times) volumes of hyperbolic {2n — l)-simplices defined over k. 

This result is in the spirit of, but weaker than, Zagier's conjecture. The proof 
that the zeta value is a determinant uses the rank calculation (|1.2p in an essential 
way, and does not seem to follow directly from the geometry of the triangulation 
above. When n = 2, however, the previous results hold for all number fields L. 
In this case, it is not hard to show that quadric motives and dilogarithm motives 
coincide, thereby giving another proof of Zagier's conjecture for n = 2. 
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1.4. Plan of the paper. In §2 we introduce some notations and recall some prop- 
erties of spaces of constant curvature. A product-hyperbolic manifold is defined to 
be a complete Riemannian manifold of finite volume which is modelled on prod- 
ucts of hyperbolic spaces ni=i-'f^"'- ^^ §3i we list all non-exceptional arithmetic 
product-hyperbolic manifolds (§3.1), and compute their covolumes up to a rational 
multiple. A typical example is given by a quadratic form 

q{xo, . . . , Xn) = -dxl +x\ + ... + xi , 

where d G k^ , for k a totally real field, such that d is positive for t embeddings of k, 
and negative for the remaining embeddings of k. If Ok denotes the ring of integers 
of fc, then any torsion-free subgroup T < S0{q,Ok) of finite index acts properly 
discretely on (H")*, and defines a product-hyperbolic manifold 

(1.13) M = (H")7r . 

Another family of examples comes from skew-hermitian forms on a quaternion 
algebra over k, and for n — 2, a third type which are quotients of (IHI^)° x (H'^)''. 
These come from the exceptional isomorphism S0(3, 1) = PSL2(C). Theorem 13.51 
lists their covolumes which, up to rational factors and powers of tt, are: 

a(l-n), Ll{x,l-n), and CK"!) , 

where ifc(x,s) = CkiJd)i^)'^k{s)^^ , for k,d as above, and where L can be any 
number field. This follows from a well-known Tamagawa number computation. 

In §4, we explain how to decompose an arbitrary product-hyperbolic manifold 
M into a finite sum of products of hyperbolic geodesic simplices 

N 

(1.14) M = ^A«x...xAW, 

where A^'-^ has at most one vertex at infinity. This uses a decomposition of M 
into compact and cuspidal parts which is classical when TV = 1, but requires strong 
reduction theory when A'^ > 1. The key idea is an inclusion-exclusion argument 
originally due to Zagier, and the main result is stated in proposition 14.101 and 
coroUarv l4.12l 

In §5, we begin by recalling some general properties of framed mixed Tate mo- 
tives, and then show how any product-hyperbolic manifold M defines a motive 
via its decomposition (|1.14p . The main idea is due to Goncharov in the case of 
ordinary hyperbolic manifolds (when A^ = 1), but our approach differs from his 
for non-compact manifolds. Let A denote a geodesic simplex in H™. In the Klein 
model, the hyperbolic space H'" can be represented as the interior of the unit ball in 
M™, and the absolute 9IHI™ can be identified with the unit sphere {xl+. . ■+x^ = 1}. 
Since geodesies are Euclidean lines in this model, the facets of A define m + 1 hy- 
perplanes Lq, . . . , Lm in general position. Viewing IR*" as the set of real points of 
an affine piece of P"*, the unit sphere is given by a smooth quadric Q C P™. If the 
Li are defined over a field fc, one can consider the motive [53] 

(1.15) /i(A) = i/™(P™\Q, U"oiA(^. n Q)) G MT(fc) . 

If m is even, /i(A) has no non-trivial framing, but if ttt. = 2n — 1 is odd, it is 
framed by the class corresponding to the volume form on H™, and by the class 
corresponding to the hyperbolic simplex A. If the simplex has a vertex at infinity 
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X, the divisor (Q, L) will no longer be normal crossing and we must blow up the 
point X. The corresponding motive is now defined to be 

(1.16) hiA) = i/'"(P"\Q, {jT=-lL^\{L^ n g)) e MT(fc) , 

where P™ is the blow-up of P™ at x, L_i is the exceptional divisor, and Q, Li are the 
strict transforms of Q, Li. The framings are defined as before, and in both cases we 
denote the framed motive by mot(A). There is, however, an interesting difference 
between the motives (I1.15P and (|1.16p which is due to the fact that certain periods 
of (|1.15p are given by the hyperbolic length of the edges of A, and these can be 
infinite if a vertex of A is at infinity. In !j5.3i explicit examples are calculated in 
dimensions 1 to 3 which are sufficient to illustrate the general pattern. 

We then define the motive of a product-hyperbolic manifold M modelled on 
products of odd-dimensional hyperbohc spaces 11^=1^^"'^^ to be 

N 

(1.17) mot(Af) = ^ mot(Af)) ®...(E) mot(A^^) . 

That mot(A/) does not depend on the particular decomposition (|1.14p . follows from 
a subdivision lemma [5. Ill which states that 

771 

(1.18) mot(A(xo,. .. ,Xni)) ^ ^mot(A(a;o,. .. ,Xi-i,y,Xi, . . .,Xm)) , 

7 = 

where xq, . . . , Xm, y are points in H™, at most one of which is on the absolute, and 
A(ao, . . . , a,n) denotes the geodesic simplex with vertices at oq, . . . , am- We then 
prove in ^ 15.2.41 using only (jl.lSp and some simple properties of ft.(A) that 

N 

(1.19) mot(Af) e (g)Ext;^^(Q)(Q(0),Q(nO) • 

7 = 1 

This is equivalent to showing that mot(A'f ) lies in the kernel of the reduced coprod- 
uct on the Hopf algebra of framed equivalence classes of mixed Tate motives. The 
idea is that the image of this coproduct can be written as a sum over all faces in 
the decomposition (|1.14p . Since this decomposition lifts locally to give a triangula- 
tion of Wi^i H"% the coefficient of any given face F in the image of the coproduct 
must vanish, since (jl.lSp implies that we can modify the triangulation in such a 
way that F does not even appear. A different way to prove this is by following 
Goncharov's analytic approach using generalised Dehn invariants for products of 
hyperbolic spaces. This is done in H5.2.91 using results of H4.6I and ij4.7[ which 
are not used anywhere else and can be skipped. In the case where M is defined 
arithmetically, for instance by (|1.13p . we then study a certain twisted Galois action 
on M to prove that the element mot(A/) is a determinant. The main result of the 
section is theorem 15.201 

In §6, we combine the various elements to prove the main theorems of this paper, 
which generalise theorems 11.11 11.21 and their corollaries. The corresponding results 
in the exceptional case n = 2 are given in Ji6.3i and some open questions and possible 
directions for future research are discussed in §6.41 Finally, in §7 we compute 
a very simple and explicit example of an L(x, 3)-motive, based on a remarkable 
computation due to Bugaenko. Its period is the L-value L(x,3) = Cfc'(3)C^^(3), 
where k = Q(\/5) and k' is a quadratic extension of k. 
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2. Spaces of constant curvature. 

As is well-known, a homogeneous space of constant curvature is of one of three 
types: Euclidean space, spherical space, and hyperbolic space, which have constant 
sectional curvature 0,+l, and -1, respectively. We use the following notations: 

• For n > 1, Euclidean space E" is K" equipped with the scalar product 

{x,y) ^xiyi + ... + x„y„ . 

We denote its group of symmetries E(n) — T{n) x 0{n), where T(n) = R" 
is the group of affine translations, and 0(7i) is the orthogonal group. 

• Let n>2, and let xq, . . . ,a;„ denote coordinates in E"+^. Spherical space 

§" = {a;eE"+i ■.xl + ... + xl = l} 

inherits the metric ds^ — dxQ + . . . + dx'^, and has symmetry group 0(n+l). 

• Let n > 2, and let R"'^ denote IR"+^ equipped with the inner product 

(x, y) = -xoyo + xiyi + . . . + a;„y„ . 

Hyperbolic space H" is defined to be the half-hyperboloid: 

H" = {xe M"'^ : {x,x) ^ -1, xo > 0} . 

Let SO(n, 1) denote the group of matrices preserving this scalar product. 
It has two components. Let SO (n, 1) denote the connected component of 
the identity, which is the group of orientation-preserving symmetries of H". 
The invariant metric on H" is given by ds^ = — dxg -|- dxf -I- . . . -|- dx^. 

We will consider complete manifolds M which are locally modelled on products 
of spaces of constant curvature, i.e., Riemannian products of the form 

X" = Jl H"' X ]^ E"^- X Jl S"" , 

ielh j£l,i kels 

where n = {ui : i £ I}, and / — IhU leU Is- We will use a Roman superscript 
to denote a single space of constant curvature X" e {E",S",]HI"}, and a gothic 
superscript to denote a product as above. The space X" has a canonical volume 
form which we denote by dv. A complete, orientable manifold modelled on X" of 
finite volume is of the form M" = X"/r, where F is a discrete torsion-free subgroup 
of the group of motions of X". We are mainly interested in the quantity 

vol(Af") mod Q"" , 

which only depends on the commensurability class of F. Since the orthogonal group 
is compact, any discrete group acting on a product of spheres is finite, and thus 
torsion, so we can always assume that there are no spherical components. In this 
case, we will say that M" is a flat-hyperbolic manifold. If it is modelled only on 
products of hyperbolic spaces, it will be called product-hyperbolic. 
The following theorem was proved in 1984 by Margulis. 

Theorem 2.1. |43j Let G be a connected semisimple linear algebraic group without 
compact factors. If the real rank ofG is strictly greater than 1 then every irreducible 
lattice in G is arithmetic. 
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The real rank of X" is \Ih\ + X^ig/ "•*' since it coincides with the dimension of a 
maximal flat geodesic subspace. The theorem therefore implies that any irreducible 
discrete group of finite covolume F acting on X" is either arithmetic, or else X" = H" 
and H"/r is an ordinary hyperbolic manifold. It follows that M" is commensurable 
to a product of manifolds of the following type: 

• a sphere §", whose volume is a rational multiple of a power of tt, 

• a torus E"/A, where A = Z", whose volume can be any real number, 

• a product-hyperbolic manifold J^^H^'/F, where F is an arithmetic group 
of motions, 

• an ordinary hyperbolic manifold ]HI"/F where F is non-arithmetic. 
Therefore only the volumes of product-hyperbolic manifolds are of real number- 
theoretic interest, and likewise, these are the manifolds which have interesting mo- 
tives. In §3 we compute the volumes modulo Q^ of all non-exceptional arithmetic 
product-hyperbolic manifolds in terms of zeta functions and L-functions of number 
fields. The case of non-arithmetic manifolds is more mysterious, since there does 
not appear to exist a suitable volume formula for them at present. 

2.1. Models of hyperbolic spaces and the absolute. In addition to the hyper- 
boloid (vector) model of hyperbolic space defined above, we will need to consider 
the following models ([1], I, §2). 

2.1.1. The Poincare upper-half space model. Let eg — (— 1,0,...,0) £ R", and 
consider the map (xq, . . . ,a;„) i-^ {x[, . . . ,x'^), where x'^ = Xi/(1 -\- xq). This maps 
the hyperboloid model of H" to the Poincare unit ball. Then consider the map 

iF' + eoIr 
where x' = {x'^, . . . ,a:'„) and ||a;' -I- eo|P = {x'^ — 1^ + x'2 + ■ ■ ■ + x'^. Composing 
the two gives an isometry from H" to the Poincare upper-half space: 

(2.1) U"=={(zi,...,z„_i,t): (zi,...,z„_i)eM"-i,f >0} , 

with the metric i~^(X]r=i dzf + dt^). The absolute 9H" is identified with the Eu- 
clidean plane R"^^ x {0} C U at height i = 0, compactified by adding the single 
point at infinity cxd. Geodesies in this model are vertical line segments (which go to 
(X)) or segments of circles which meet the absolute at right angles. In this model, 
hyperbolic angles coincide with Euclidean angles. 

2.1.2. The Klein (projective) model. The map (xq, . . . ,x„) 1-^ (j/i, . . . , ?;„), where 
Hi = Xi/xQ, gives an isomorphism of the hyperboloid model with the Klein model: 

n 

(2.2) K"={(2/i,...,y„):r2=^yf<l} 

equipped with the metric ds^ == (1 — r^)^^[(l — r'^)'Y^^^^dy1 + (J^^^iVi^yi)'^]- 
The action of SO^(n, 1) on K" is by projective transformations, and extends con- 
tinuously to the boundary 9IK". Geodesies in this model are ordinary Euclidean 
hyperplanes, but hyperbolic and Euclidean angles do not agree in this case. 
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3. Volumes of product-hyperbolic manifolds and L-functions 

We list all discrete arithmetic groups which act on products of hyperbolic spaces, 
and compute their covolumes up to a rational multiple. By a Tamagawa number 
argument, the covolumes are expressed as values of L- functions. 

3.1. Arithmetic groups acting on product-hyperbolic space. There arc four 
basic types of arithmetic groups which act on products of hyperbolic spaces. 

Type (I) : Let fc/Q be a totally real field of degree r, and let O denote an order 
in k. Let 1 <t < r. Consider a non-degenerate quadratic form 

n 

(3.1) <l{xi, ■ ■ ■ ,Xn) — / cLijXiXj where aij G k , a^ — aji , 

and suppose that '^q ~ '}2i'i j=a "^^v ^^^J ^^^ signature (n, 1) for t infinite places 
(T e {(71, . . . , (7t} of fc, and is positive definite for the remaining r — t infinite places 
of k. Let SO'^ {q,0) be the group of linear transformations with coefficients in O 
preserving q, which maps each connected component of {x S R""''^ : °'^q{x) < 0} to 
itself ior 1 < i < t. Let F be a torsion-free subgroup of S0^((7, O) of finite index. 
It acts properly discretely on Y[i=i ^"^ ^^^ ^^"^ map 



nSO+(n,l 



i=l 

A ^ ( '"M, . . . , "'A) . 

Type (II) : Suppose that n = 2m — 1 is odd. Let fc/Q be a totally real number 
field of degree r, and let 1 < t < r. Consider a quaternion algebra D over k such 
that Dcr — D ®k.(y K is isomorphic to M2x2(K) for all embeddings a of k. Let 

(3.2) Q{x,y) = ^ XiUijyj where a^ € D, a^- = -Uji , 

«j=i 

be a non-degenerate skew-Hermitian form on D™, where x i~^ x denotes the con- 
jugation map on D, which is an anti-homomorphism. For each embedding a of fc, 
the signature of "^Q, where '^Q{x,y) = ^^ j^iXi'^aijVj, is defined as follows. Let 
D„ = M2x2(R) = M © iM ® jffi ® kR, where i^ = j2 = 1 and ij = -ji = k. The 
endomorphism of D^ given by right multiplication by i is of order two and has 
eigenvalues ±1. Let 

Da^± = {x Cz D : x\ ^ ±x} . 

It follows that D™ == D™+ ® D™_, and because one has D';''_ = D'^^i, the di- 
mension of I?™+ is 2m. Writing x = x+ + x-, where x+i ~ x+ and x_i = — x_, 
one verifies that "^Qlx^^y^) = '^Q{x^\,y^) — -~\'^Q{x^,y^), and "^Qlx^^y^) = 
'^Q{x+,y+\) = '^(5(a;+, j/+)i. It follows that 

''Q{x+,y+) = .fa{x+,y+)(j - k) , where f„{x+,y+) e k . 

Since '^Q is skew-hermitian, f^ is a non-degenerate symmetric bilinear form. The 
signature of "^Q is defined to be the signature of /o-. Let (j)a denote the map which 
to Q associates the bilinear form f„. The form fa uniquely determines "^Q, for 
instance, via the formula —i'^Q{x-,y+) = '^Q{x-],y+) = fa{x^i,y+){i — k). 
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Suppose, therefore, that '^Q has signature {2m — 1, 1) for t embeddings a E 
{cti, . . . , at} of fc, and is positive definite for the remaining r — t embeddings. Let O 
be an order in D, and let U"'"(Q, O) denote the group of O-valued points of the uni- 
tary group which preserves the connected components of {x € '^•I? : Q{x,x) < 0} 
for 1 < i < t. If r is a torsion-free subgroup of U+(Q,0), then it acts properly 
discretely on HLi ^" ^ia the map {<j)^, ,...,(/)<,,): T -^ SO+(n, 1)*(]R). 

Type (III) : Let i/Q denote a number field of degree n with ri real places and 
r2 > 1 complex places, and let < i < ri. Let B denote a quaternion algebra over 
L which is unramified at t real places, and ramified at the other ri — t real places 
of L. Then Y{^\^{B ®l L^T = {S)*Y^-* x GLzCM)* x GL2(C)'^^ where 5] denotes 
Hamilton's quaternions. Let O denote an order in B and let F be a torsion- free 
subgroup of finite index of the group of elements in B of reduced norm 1. Then T 
defines a discrete subgroup of PSL2(M)* x PSL2(C)''^ and acts properly discontinu- 
ously on (H^)* x {B?Y^ (see |201113J.) 

Type (IV) : There are further exceptional cases for H^ which are related to 
Cayley's octonions. These will not be considered here. 

Remark 3.1. In the case when n is odd, every arithmetic group of type (/) can also 
be expressed as an arithmetic group of type [II) . Thus in type (/) one can assume 
that n is even. 

Proposition 3.2. let F be an irreducible arithmetic group acting on a product of 
hyperbolic spaces. Then F is commensurable to one of the four types listed above. 

Proof. Let G be an algebraic group defined over a number field. By restricting 
scalars, we can assume that G is defined over Q. The discrete subgroup G(Z) then 
acts on the symmetric space G/K{M.), where X is a maximal compact subgroup of 
G, and we will give conditions on G to ensure that this is isomorphic to a product 
of hyperbolic spaces. Since we have assumed G(Z) to be irreducible, G must be 
Q-simple. It follows that G is a restriction of scalars, for let H denote a Q-simple 
factor of G. The product of the elements in the orbit of H under Gal(Q/Q) defines 
a Q-subgroup of G, which is therefore isogenous to G since it is Q-simple. Thus 
G — Rk/qH for some number field k. 

In this case, G(R) = Yly\^ H{ky), where fc„ denotes the completion of k at an 
infinite place v. In order to be a hyperbolic space form, G(M) must have at least one 
simple factor isogenous to SO(n, 1). First we suppose that one such factor occurs 
at a complex place v. If f) denotes the Lie algebra of 7J, then we have ()c — so(n, 1) 
and by complexifying, f)c® f)c — 5o{n + l)c- But 5o(n-|-l)c is simple for all n except 
if n = 3. In this case, there is indeed an exceptional isomorphism s[(2)c = so(3, 1), 
so H must be a form of SL2. Therefore in each real place v, II{ky) is a real form 
of SL2 which can be of two types: SL2(M) ^ S0+(2, 1)(R), or S0(3)(R), which is 
compact. It follows that for any form H of SL2, the corresponding symmetric space 
is a product of hyperbolic spaces H^ and H'^. Now SL2 has no non-trivial outer 
forms, and its inner forms are classified by /?^(Gal(Q/Q), PSL2). The same group 
classifies quaternion algebras, and one deduces that G is the group of elements of 
reduced norm one in a quaternion algebra B j56j . This gives case (3). 

Now suppose that II{kv) is isogenous to SO(n, 1) at some real place v. It follows 
that for each infinite place v of fc, II{kv) is either SO(n -|- 1)(C) if v is complex, or a 
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real form of SO(n + 1)(C) if v is real. If w is a complex place, the symmetric space 
SO(n + l)c/SO(n + 1) can be a product of hyperbolic spaces only if n = 2, and we 
have already dealt with this case. Thus we can assume from now on that k is totally 
real. The real forms of so{n + l)c are either so{p, n + I — p), for l<p<n+l— p, 
or u'^{Sj) when n + I = 2m, and where f) denotes Hamilton's quaternions (|35j. pp 
138,229). The former has real rank p, and the latter has real rank [m/2j . Using, for 
example, the fact that hyperbolic spaces have rank one, and using the classification 
of real semi-simple Lie algebras ([35,, pg 135) to rule out the cases u5(i3), vi^iS^), 
we deduce that at each infinite place w, \)k^ must be either so{n, 1) or so{n + 1). 

The orthogonal group S0(n+1) has exactly one outer form when n — 2m is even, 
since its Dynkin diagram is of type Bm and has no symmetries. If n = 2m — 1 > 5 is 
not equal to 7, its Dynkin diagram is of type Dm which has a non-trivial symmetry, 
so there are exactly 2 outer forms. When n = 7, its Dynkin diagram is of type D^, 
whose symmetry group is the symmetric group on 3 letters. We will exclude the 
non-classical cases coming from the triality forms of D4 (type (IV)). 

Suppose first that n is even, and therefore H is an inner form of SO(n + 1). It 
is well-known from the classification of arithmetic groups ([M]) [IH], §2.3) that H 
is isogenous to SO (g) for some quadratic form q defined over k. By the above, 
the condition that the symmetric space of H be product-hyperbolic is that the 
signature of q is (n, 1) for at least one real embedding of k, and positive definite for 
all remaining embeddings. This gives type (/), for even n. 

Finally, suppose that n = 2m — 1 > 5 is odd, and that H is an outer form of 
SO(n + 1). The classification of arithmetic groups ([H], proposition 2.20) states 
that H is given by the unitary group of a skew-symmetric Hermitian form Q of 
dimension m over a quaternion algebra D over k. Over each infinite place v, D is 
either isomorphic to Hamilton's quaternions ^, or the matrix algebra M2(M). By 
the above, the former case gives rise to the symmetric space of \x*^{f)) which is not 
hyperbolic and so must be ruled out. Hence D must split over all real embeddings 
of k. The signature of Q must be (n, 1) for at least one embedding of k, and Q 
must be positive definite for the remaining embeddings. This gives type (//). This 
also subsumes the cases of type (/) for odd n. D 

Remark 3.3. The main results of this paper are obtained in the simplest case, 
where q is given by the trivial quadratic from — Xq + x\ . . . + x^-^. Then we obtain 
the standard orthogonal group SO(n, 1), and F is just any torsion-free subgroup of 
finite index of i?;j/QSO^(n, 1)(Z) = SO^ (ri, l){Ok)- In the case n = 2, an important 
example is given by i? = A/2(£), where L is a number field as in {III). Then F is 
just a torsion-free subgroup of finite index of the Bianchi group PSL2(C'l). 
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3.2. Tamagawa numbers and volumes. We recall the definition of Tamagawa 
numbers, and give an explicit formula for the covolume of an arithmetic group 
modulo Q^ , following Ono, and avoiding all use of Bruhat-Tits theory. We compute 
the terms in this formula in the case of product-hyperbolic manifolds (theorem [331 
corollary I3.10p . In principle one can determine the exact volumes of arithmetic 
quotients of semi-simple groups using the work of Prasad [49] (see also [4j [20l [34] ) . 
but this is not required here. 

3.2.1. Tamagawa numbers. Let G be an afhne algebraic group defined over a num- 
ber field k. For each place v oi k, let ky denote the completion of k with respect 
to V, Ov its ring of integers, and ¥y its residue field. Let Aj, denote the group of 
adeles of k, and let G(Afc) denote the group of A^-valued points of G ^63j. Since G 
is affine, we can fix an embedding G -^ GL„ and simply take G(Afe) = GnGL„(Afc). 
Then G(Afe) is the restricted direct product: 

G(Afe) - Imi Y[ G{k,) X W G(a) , 
s ves vfs 

where the direct limit is over all finite sets of places S of fc, ordered by inclusion. 
The group G(Afe) is locally compact, and therefore has a left Haar measure which is 
defined as follows [63] . Let w be a left-invariant non-zero volume form on G which 
is defined over k. For all a; S G, we may write 

uj{x) — f{x) dxi . . . dXn , 

where x = {xi, . . . ,Xn) are local affine coordinates for G, and / is a fc-rational 
function in the Xi. For all places v oi k, there is a local measure lu^ on Gk^ : 

(3.3) ujy{x) = \fix)\y{dxi)y . . . (dx„).„ , 

where (dxi)^ are Haar measures on k^ (normalised so that J„ {dxi)y = 1 when v 
is finite, and ordinary Lebesgue measure when v is infinite), and |.|^ is the module 
of fcjj- We will now assume that G is semi-simple. The Tamagawa m.easure of G 
is the measure induced on G(Afc) by the product over all places v oi k: 

n = \d,\-'''^^/'l[u;., 

V 

where dk is the absolute discriminant of k. One shows that since G is semi-simple, 
the product converges absolutely for the adele topology, i.e., Y\y^^, uJv{G{Ov)) < oo 
[47] . One shows without difficulty that fi is independent of the embedding of G and 
of the choice of volume form lu. Now the group of /c— rational points G(fc) embeds 
as a discrete subgroup of G(Afc). The quotient G(Afc)/G(fc) inherits a measure 
induced by f2, and the Tamagawa number t[G) is defined to be 



t{g) = / n . 

JG{kk)/G{k) 

It is well-known that t{G) is finite since G is semi-simple ([S], theorem 5.5). An 
algebraic group over k is said to be simply-connected if it has no non-trivial cov- 
erings over k (03i appendix 1). Weil's conjecture (proved by several authors [48] , 
page 263), states that t{G) — 1, for any simply-connected semi-simple algebraic 
group G. If G is not necessarily simply-connected, t{G) G Q^ , by a theorem due to 



this is the square of the absolute value when ii is a complex place. 
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T. Ono [47]. The rationality of t{G) is the key to the computation of the covolume 
of an arithmetic subgroup of G modulo rationals. 

3.2.2. Formula for the covolume of an arithmetic group. Let G be a connected 
semi-simple algebraic group, which is defined over a number field k. We assume 
that there exists an infinite place v of k such that G{ky) is not compact. Let K he a 
maximal compact subgroup of G, and let X = Jl^ico -^^ denote the corresponding 
symmetric space, where Xy — K(ky)\G{ky) for each infinite place v of k. By 
assumption, dimX > 0. Let Qk denote the Lie algebra of G over k. 

One can define invariant volume forms on Xy, K(ky) and G{ky), which we denote 
by dXy , dKy and dGy , respectively, which are canonical up to a sign. Let B denote 
the Killing form on g^, and let {Ui, . . . , Ud} be a fc-basis of 2k- Suppose that this 
basis contains as a subset a basis {^i, . . . , Ve} of K, and let {V-} C {U^} denote 
the corresponding dual bases of invariant 1-forms. Following ([45j. §3.2) we set 

(3.4) dGfe„ = |detS([/„C/,)|y'(C/{A...AC/^)„, 

dKk^ = I det S|,, (y., 1/,) ir (K A ... A KX , 

which define left-invariant volume forms, and do not depend on the choices of basis. 
Let dXy be the unique invariant volume form on Xy satisfying dXy A d K^^ — d Gu^ . 
The canonical volume form on X is defined to be dX — Iluioo ^^-^v, where the signs 
are chosen so that the form is positive. 

In order to express the covolume of an arithmetic subgroup acting on X, one 
defines two invariants of G which are well-defined up to multiplication by Q^ . The 
first is a transcendental invariant, defined as follows. For each finite place v of fc, 
let Qy denote the number of elements in the residue field F„ at v. Let #G{¥y) be 
the number of points of G over F„. The L-value of G is the following product over 
all finite places of k: 

^ dim G 

(3.5) ^--n|^ (-dQX). 

V<OQ " ^ ' 

One can show (and it follows from the calculations below) that the product con- 
verges (HZ], appendix II). We define the discriminant of G to be 

(3.6) A^f = |iV,/Q(det i3([/„C/,))|i/2 = [] I ^^^^ B{U,,Uj)\'J^ (mod Q><) , 

i;|oo 

which is well-defined. Let F denote a torsion-free subgroup of the group of (De- 
valued points of G, which acts properly discontinuously on X. 

Theorem 3.4. |45| With respect to the canonical volume forms defined above, 

vol(X/F)~Qx Mfel'i'-'^/^A^/' l[yol{Ky)-' La . 

Proof. Set G' = Rk/q G, and furthermore we can assume that G' is simply-connected, 
since this does not affect the statement of the theorem. If we set w = Ai=i ^i, 
where {Ui} is a A:— basis of Qk as above, then the restriction of scalars w' — Rk/q ^ 
('[llj. Erratum) is left-invariant and is defined over Q. We write A for Aq, and let 
Q,' = bj'-^x Y\yUj' denote the corresponding Tamagawa measure on G'(A). Let F 



This is not the same Aq defined in | 47| . but coincides in the case of the orthogonal group. 
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denote a torsion-free subgroup of finite index of G'(Z). Since G"(M) = Yly\oo G{kv) 
is by assumption simply-connected, and not compact, the strong approximation 
property holds ([13 , theorem 7.12). This states that 

G'(A) = G'(Ao,)G'(Q), 

where G'{K^) = G'(R) x Wj^G'iZp) ^ Y{,\^G{K) x 11. G(a) is the group of 
integral adeles of G'. In other words, the class number is one ([48], proposition 
5.4). The Tamagawa number of G' is therefore 



t{G') = ^i (G'(A)/G'(Q)) - ^l (G'(Aoo) G'(Q)/G'( 

where we write /i(S') for L ^' ■ Since G'{Koq) n G'((Q)) = G'(Z), which is commen- 
surable to r, this gives 

t(G')~qx A*(G'(A,,)/r) . 

Let T denote a fundamental set for F in G'(R). It follows that T x J| G'(Zp) is a 
fundamental set for F in G'(Aoo) = G'(R) x J| G'CZp), and we deduce that 

(3.7) t{g') ~qx / n'= f uj^xT\ f w; . 

The restriction of scalars K' = Rj^/qK is a maximal compact subgroup of G'. Let 
X = K'\G'{M.) denote the corresponding symmetric space. Under the isomorphism 

G'(R) = ritiioo ^'(fct,), the volume form uj^ = (i?fc/Qw)R maps to 

(3.8) Idfcl-^™^/'!]^" = MfcP''™''^'!! I^^t B{U,,U,)\-^/^dGk^ . 

The second equality follows from (|3.4p . By the definition of Ag, this is just 

(3.9) |dfc|'^™'='/2Ag^/^ J|di^^dX„ (modQ^). 



■u|csO 



Therefore, 



J u;^ ~Qx (^J l[dK,dXy')\dk\-'''"'^/^Al 



-1/2 
^G 

floo 



~Qx |dfc|-'i™«/2 Agi/' vol(X/F) [] vol(ir„) . 

i;|oo 

This gives the left-hand factor in (|3.7p corresponding to the infinite place of Q. In 
order to compute the product on the right-hand side, we use a generalisation of 
Hensel's lemma due to Weil [63] which states that for almost all primes p, 

„dim G 



JG'iZp) 

where i^G'{¥p) is the number of points of G' over the finite field Fp. For all other 
primes p, this integral is still a rational number. We obtain 

(3.10) vol(X/F) ^Qx r{G') \d,f^^/'A'J' J] ^oliK^y' J] ^777^^ • 
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For each prime p, the restriction of scalars satisfies G'f = Iltiip ^(I'*'«')i where the 
product is over all finite places v lying above p. It follows that 



n 



p 



dim G' 



#G'(Fp) 



n 



Qv 



dim G 



#G(F, 



= Lg (mod 



The theorem follows from (|3.10p since t{G') is rational. 



D 



3.2.3. Points over finite fields. In order to complete the volume computation, it 
remains to compute the number of rational points of G over a finite field ¥q. By 
results due to Steinberg and Chevalley, the number of points of a reductive group 
G over F^ is given by the Poincare polynomial of a maximal compact subgroup of 
G. The table below, which is taken from [4F , lists the number of points over ¥q for 
the simple groups. Since, by a theorem due to Lang, every inner form of G splits 
over Fq, one only needs to consider outer forms of G over some Galois extension of 
¥g. The degree of this extension is at most three, and is listed in the second column. 



Group 


degree 


#G(Fg) 


Ae {i > 2) 


1 


^.(.+ l)/2f^.^^(^.+l_l) 


Ai (i > 2) 


2 


^.(m)/2p^^^^^(g.+i _(_!).+!) 


Bi (i > 2) 


1 


/nLi(?^^-i) 


Ce (i > 3) 


1 


/nLi(9^'-"i) 


De {i > 4) 


1 


g^(^-i)(g^-l)nti(9^'=-l) 


De {£ > 4) 


2 


q'^'-'\q' + imt\{q''-l) 


D4 


3 


q^He-l){q^-ri){q^-ri){q^-l) {rP^l,r,^l) 


Ee 


1 


q^^{q^-l){<f^-l){q^-l){q^-l){q^-l)[q^^-l) 


Ee 


2 


q^\q^-l){q^ + l){q<'-l){q^-l){q^ + l){q'^-l) 


Ej 


1 


^63(g2_i)(^6_i)(^8_i)(^10_i)(^12_i)(^14_i)(gl8_i) 


Es 


1 


^120(^2_i)(^8_i)(^12_i)(^14_i)(^18_i)(g20_i)(g24_i)(^30_i) 


Fi 


1 


q^\q^-l){q^-l){q^-l){q^^-l) 


G2 


1 


q%q^-l)(q^-l) 



3.3. Covolumes of arithmetic product-hyperbolic manifolds. We compute 
the volumes of arithmetic groups of types (/), (//), {III) up to a rational multiple. 
If fc is a number field, let Cfe(s) denote the Dedekind zeta function of fc, and let dk 
denote the absolute value of the discriminant of k. If x is the non-trivial character 
of a quadratic extension L/fc, let L{x,s) = CL{s)/Ck{s) denote the corresponding 
Artin L- function, and let d^/^ — dj^/d'^. 

Theorem 3.5. The covolumes of arithmetic groups of types (/) — (///) acting on 
products of hyperbolic spaces are as follows. 

(1) Let n = 2m, let k be a totally real number field of degree r, and let T be of 



type (I) acting on Y\^ 



where \<t<r. Let M ^ HLi H'Vr. Then 



VOl(M) ~QX 141"^"+''/" ^-rn-r+,n(t-r) ^^(3) . . . (fe(2m) , 

(2) Let n = 2m — 1 be odd and let k denote a totally real field of degree r. Let 



r be of type (II) acting on Y\i 



for some integer I < t < r, defined 



in terms of a skew-Hermitian form Q over a quaternion algebra D. Let 
d G k^ /k^'^ denote the reduced norm of the discriminant of Q, and let x 



18 FRANCIS C.S. BROWN 



denote the non-trivial character of the quadratic extension L — k{\/d) ofk. 
Let L(x,m) = CiMaM^^ If M = nLiKI"/r, then 

.(.,r. f |rfL/fcl^/'|4.|"("+^)/^7r-™''-+'"*a(2)...a(2m-2)L(x,m), if [L : K] = 2 , 

In the special case where T is of type (I), the same formula holds, where d 
is the discriminant of the quadratic form q of (j j'. j[) . 



(3) Let L be a number field with ri real places and r2 > 1 complex places. Let T 
denote an arithmetic group of type (III) acting onX — Y[i=i ^^ ^ Il^Li ^'^ 
where 1 < t < ri . If M = X/T, then 

vol(M) ^Qx \dL\'/^7r'-^^^~'-'CLi2) . 

Before proving the theorem, we require the foUowing two computations. 

Lemma 3.6. The volume of the orthogonal group 0{n) is a non-zero rational mul- 
tiple of tt"''^"^"'^' if n = 2m — 1 is odd, and tt™ if n = 2m is even. 

Proof. Using the action of 0(n) on 5", one deduces that vol(0(7i)) = vol(0(n — 
1)) X vol(S'"-i). The volume of S"* is 27r™/(m - 1)! when n = 2m - 1 is odd, and 
2^™+^m!7r™/(2m)! when n ~ 2m is even. The result follows by induction. D 

Lemma 3.7. Let G be an algebraic group defined over a number field k. If G is 
an inner form of SO(n + 1), then 

AJ/^ = 1 (modQ^). 

If n is odd and G is a non-trivial outer form of SO {n + 1), then G and SO(ri + 1) 
are isomorphic over L, and we have 

A^/^^4/;, (modQ><). 

Proof. We treat both situations simultaneously by defining L to be equal to k in 
the first case. Let a denote a generator of Gal(i/fc). Then there is an isomorphism 
f : G —t SO(n + 1) defined over L, and this induces an isomorphism 

df ■■ 2k ^fc L -^ so{n + 1)l 

in both cases. Let {Ui}i<i<d and {Fi}i<i<d denote fc-bases for g^ and so{n + 1)^ 
respectively. The map df is given by a matrix M S Mdxd{L) with respect to these 
bases. It follows that 

det(M)'" det(Af )-i = detfd/ o df^^) = ±1 

with sign +1 when G is an inner form, and —1 when G is an outer form. This is 
because the quantity det(^df o df^^) coincides with the sign of the corresponding 
permutation of the nodes in the Dynkin diagram for SO(n + 1) ([IS], proposition 
2.1.6, and remark 2.1.10). The non-trivial outer automorphism of SO(n +1) in- 
terchanges the two arms of D2m and fixes the rest, and therefore has sign —1. It 
follows that det(Af) is cr-invariant and hence det(A/) e fc^ in the former case, and 
det(M) is (7— anti-invariant, and hence det(Af) e k^^/d , in the latter. We have 

det {B{X,, Xj)) = det (B(d/"^ Y,, df^^ Yj)) = det(Af )-2 det {B{Y,, Y,)) . 

It remains to compute det (^B(Yi,Yj)) mod Q^^, which does not depend on the 
field k and is therefore an absolute invariant of SO(ri + 1). One can check by direct 
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computation in the algebra so{n + 1) that that det {B{Yi, Y,)) = 1 mod Q^^ (for 

1/2 

instance, using the formula (2.1.16) in [45j). We conclude that AJ ;, = 1 mod {Q^ ) 

when G is an inner form, and AJ ^ = \Nk/Q{a)\^''^ = dj^,f, modulo Q^ when G is 
an outer form. D 



Proof of theorem \3.4\ We compute the various terms in the volume formula given 
in theorem 13.41 for each type. 



Type (I), n = 2m even. Let G = SO (g), where q has signature {n, 1) for t 
embeddings of k, and is positive definite for the remaining r — t embeddings of k. 
The maximal compact subgroup of G" = Rk/q G is K' — 0(n)* x SO(n+ 1)'""*, and 
by lemma 15^ has volume vol{K') ^qx tt™ r+m(r~t) gjj^(,g j^ — 2m is even. Since G 
is of type Bm, it is an inner form of SO(n + 1), and so the discriminant Ac,k = 1 
modulo Q^ by lemma [5771 From the table above we obtain: 

m 

Lg ~Qx Y[l[iq-'''-l)-'^U2)...U2m), 

V fe = l 

Since dimG = n[n + l)/2, this gives all the terms in the volume formula. 

Types (I) and (II), n = 2m, — 1 odd. Let D denote a quaternion algebra over 

k, and let G = S\J (D,Q), where Q is a skew-Hermitian form as in proposition 
3.1. Suppose that G is an outer form of SO~''(n, 1) corresponding to the character 
X : Gal(L/fc) -^ Z/2Z =S Out(S0(n+l)). Then [L : K] ^ 2. By the previous lemma, 
Acfc = 4/fc ^^'^ '^''- ^^ ^' ^ Rk/QG, we have G"(R) = SO+(n,l)* x SO(n + 
1)''-*, and therefore X = (H")*, and K' = (0(n))* x 0(n + 1)'-*. By leuima^M 
vol{K') ~Qx TT™ ''-™*. Since G is of type £),„, there are exactly two outer forms 
over any finite field ¥y. When d is a non-residue, G(¥y) is the non-trivial form and 
the table gives: 



#G(F„) = c^""'^(c + 1) n («'" - 1) 

fe=l 
In the other case Gf„ is the trivial form: 

m— 1 

#G(F„) - c'"-'Hc - 1) n ('^^ 



fe=l 



Thus Lg ^qx Cfc(2) . . .Cfe(2m- — 2)L(x,m), and (2) follows from theorem 13.41 In 
the case where G is an inner form, i.e., L — K, we obtain in a similar manner that 
AG,k = l mod Q^ and Lg ~Qx a(2) ■ ■ • Cfe(2m - 2) Cfc(m). 

Type (III). Let G be the elements of reduced norm 1 of some order in B, and 
let G' = Rl/qG. Then recaU that G'(R) = (io^)''!"* x PSL2(R)* x PSL2(C)''^ A 
maximal compact subgroup is isomorphic to S0(3)''i~* x 0(2)* x 0(3)''^. By the 
lemma, vol(0(2)) ~qx tt, vo1(S0(3)) -qx tt^, and therefore vol(S0(3)''i-* x 0(2)* x 
0(3)''') --QX 7r2''i+2'~2-t, As in lemma EUl one checks that Aq^l = 1 mod Q^. 
Since PSL(2) is of type Ai, we see from the table that 

Lg ~qx n ilv' - 1)"' = a(2) . 

u<oo 

D 
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3.3.1. Even dimensions and the Gauss-Bonnet formula. For an even-dimensional 
compact hyperbolic manifold M„, the Gauss-Bonnet formula states that 

vol(M„) = (-l)"/2^x(M„) , 

where x{Mn) is the Euler characteristic of A/„, and cr„ is the volume of the unit 
sphere in dimension n. Similar formulae hold for compact quotients of more general 
symmetric spaces ( [40l [36l [37] ) . In the non-compact case, the formula above still 
holds. A sketch of the following result is given in b|4.8.1l 

Theorem 3.8. Let Mn be a product-hyperbolic manifold of finite volume modelled 
on products of even- dimensional spaces: A/" = Jlie/ ^^"'/-T- Then 

vol(M")-Qx 7r^'e^"\ 

3.4. Summary of volume computations. The previous theorem implies the 
following rationality result due to Siegel and Klingen (see also [57lll9j ). 

Corollary 3.9. If k is a totally real field, Cfc(l — 2m) E Q^ for all integers m> 1. 

Proof. Let n — 2m, and let F < SO^(n, l){Ok) be a torsion-free subgroup of finite 
index, where k is totally real of degree r. Theorem 13.81 applied to M — (M"Y /T, 
gives vol(M) G 7r™''(Q)^. Theorem 13.51 with t = r implies that 

voi(M) ~Qx i4r'"+'^/v-™'a(2) . . .a(2m) . 

The functional equation for Cfe(s) implies that C/j(1—2to) = zbd^; " 7r^^™''Cfe(2TO). 

from which we deduce that 

a(-i)aM)...a(i-2m)eQ\ 

The corollary follows by induction on m. D 

Corollary 3.10. If an arithmetic product-hyperbolic manifold is modelled on even- 
dimensional spaces, its volume is a rational multiple of a power of tt. In the case 
where n ~ 2m — 1 is odd, or n — 2, the formulae of theorem \3.5\ simplify to 

By the corresponding functional equations, these are, respectively 

(3.11) n"^'Ck{l-m), ^™*r(x,l-m), n'+^^-^ Cl{-1) mod Q>< . 

If we define the weight of H"! x . . . x H"" to be [711/2] -I- ... -I- [njv/2] , then, 
in each of the above cases, the power of tt on the left is given by the weight of the 
corresponding product-hyperbolic space on which the group acts. 
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4. Triangulation of Product-hyperbolic manifolds. 

In order to define the motive of a product-liyperbolic manifold, we must construct 
a polyhedral fundamental domain for it with certain properties. This requires 
decomposing it into compact and cuspidal parts, and triangulating each part with 
products of simplices using an inclusion-exclusion argument due to Zagier. 

4.1. Decomposition of product-hyperbolic manifolds into cusp sectors. 

The cusps of a product-hyperbolic manifold are best described using the upper-half 
space model U" ^ {{z, t) € M"-^ x R>°} (§2). For all r > 0, let S„(r) C H" denote 
the closed horoball near the point at infinity: 

B„(r) = {(z, t) e R"-i X R>" : f > r}. 

Its boundary, the horosphere, is isometric to a Euclidean plane E"^^ at height 
r. Now let X" = riie/H"'- For any subset S C I, and any set of parameters 
r = {ri > 0}igs indexed by S, we define the corresponding product-horoball to be 

Bs{r)^Y[BnM)^ n 1HI"'CX". 
ies iei\s 

Its horosphere is Iligs ^^ni('"i) ^ TliG/VS^"' which is diffeomorphic to a flat- 
hyperbolic space Yiies 1E"'~^ x Hie/xs ^"' • ^^^ cusps of a product-hyperbolic mani- 
fold are isometric to a product FxR^q, equipped with the metric e^^'*^^ ■'^'i^i'iis^-l- 
di^ -I- . . . + dt?g,, where i^ is a fiat-hyperbolic manifold with metric ds^, and ti is 

the coordinate on the i^^ component of M^q. 

Theorem 4.1. Any complete product-hyperbolic manifold M of finite volume has 
a decomposition into disjoint pieces 

E 

where each piece M/(\ is isometric to a cusp, i.e., M/£\ = Fi x IR.>q, where fc > 
and Fg is a compact flat-hyperbolic manifold with boundary. 

The proof of the theorem is different in the case when M is arithmetic or non- 
arithmetic. By theorem 12.11 an irreducible non- arithmetic lattice is necessarily of 
rank one and acts on a single hyperbolic space. In this case, M is an ordinary 
hyperbolic manifold of finite volume and the decomposition is well-known. The key 
result is the decomposition of a hyperbolic manifold into thick and thin parts using 
the Gromov-Margulis lemma ([5], HI, §10 and appendix. See also P^I25j ). 

In the case of arithmetically-defined groups, the decomposition follows from 
strong reduction theory, which is outlined below. There does not appear to be 
a result which covers both cases at the same time. 

4.1.1. Rank > 2: Precise reduction theory. Let G denote any connected semi-simple 
algebraic group defined over Q, and let F C Gq be an arithmetic subgroup. Let K 
denote a maximal compact subgroup of G, and let X = K\G. Classical reduction 
theory provides the existence of a fundamental set fi C X for F such that flT = X, 
and such that for all g S G(Q), the set {7 G F : gU n 7^7 ^ 0} is finite. In order 
to obtain a decomposition of M = X/F into disjoint ends, one needs to construct 
a fundamental domain for F, which requires a more precise version of reduction 
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theory 02] ■ Let P denote any Q-parabolic subgroup of G. Let Np denote the 
unipotent radical of P, and let Ap denote the identity component of the maximal 
Q-split torus in the center of P/Np. The adjoint action of (a lift of) Ap gives a 
decomposition of the Lie algebra of Np into rational root spaces. The parabolic 
group P corresponds to a Weyl chamber in this rational root system. This chamber 
is determined by a set Rp of positive simple roots. There is an analytic isomorphism 

Ap X e(P) -^ X , 

given by the geodesic action of Ap on the horosphere e{P) — X/Ap. Let Tp denote 
the stabiliser of P in F. It follows from a theorem due to Borel that there are only 
finitely many F-conjugacy classes of maximal Q-parabolic subgroups Qi, . . . , Qm C 
G . Let ai denote the Lie algebra of Ag. for 1 < i < ttt,, and define 



e^^ 



This is a space of parameters measuring the distance out to infinity in each of the 
ends of M. Since a parabolic Q-subgroup may contain further such subgroups, such 
parameters must be chosen in a compatible manner in order to make sense. One 
defines a map /p : a ^ ap for any Q-parabolic subgroup P of G to take these 
compatibility conditions into account. Let 

Ap^T = {exp(iJ) e Ap\a{H) > a{Ip{T)), for all a £ Rp} . 

The following theorem is clearly explained in [15] , see also [SS] . 

Theorem 4.2. Let Pq — G, and Pi,...,Pe be representatives of T-conjugacy 
classes of rational parabolic subgroups of G. Then for any T ^ a sufficiently large 
in each coordinate, there exist bounded sets UJi C e(Pj) such that 

(1) Each set cOiAp-x 'is mapped injectively into M = X/F. 

(2) The image of cui in e{Pi)/Tp. is compact. 

(3) There is a decomposition of M as a disjoint union 



m = Y[m, 



i=0 

where Mi — LUiAp.^T/^ for < i < E. 

In the case which interests us, X — J^H"' is a product of hyperbolic spaces, 
which have rank 1. The root systems we obtain are therefore orthogonal products 
of one-dimensional root systems, and the parabolic subgroups of G stabilise a set 
of components at infinity. By the discussion at the beginning of §4.1, it follows 
that e{Pi) is a horosphere, and Fp. is a subgroup of the group of isometrics of flat- 
hyperbolic space. In a product of upper-half space models flU"' = IliK^ii^i) ■ 
Zi G R"'"^, ti £ M^"}, the distance functions in ap are given by a subset of heights 
{ti}. Each set Mi is therefore a cone over a compact flat- hyperbolic manifold 
uJi/Tp.. This implies the decomposition theorem 14. II in the arithmetic case. 

4.2. Geodesic simplices and rational points. We must triangulate a product- 
hyperbolic manifold M with simplices whose vertices have coordinates in a number 
field, and study a twisted action of the symmetric group on this triangulation. 
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4.2.1. Rational points on product-hyperbolic manifolds. Let fc be a subfield of M, 
and let X = K\G be a space of constant curvature (§2). The set of fc-rational 
points Xfc = K{k)\G{k) is the G'(fc)-orbit of the point xq G X stabihsed by K. 
For Euchdean and spherical spaces E" and §", we can take the set of points with 
fc-rational coordinates. The same is true for H" in the upper-half space, and hy- 
perboloid models. However, in the Klein unit ball model, HJJ is given by: 

{(yi, . . . , y„) e fc" such that 1 - X! ^^ ^ ^""^^ ' 

i 

The sets IHJ! and 9H}! are dense in H" and 9IHI" respectively, and we will write 
M^ = Hfe U 9IHIJJ. Now consider products of hyperbolic spaces X" = Hi^i H"'- Let 
5 = (fci, . . . , fcjv) denote an ordered set of fields, with ki C M. We define the set of 
^-rational points on X" to be X^ = ni=i ^k'- ^^ ^^^ ^^^^ ^ product-hyperbolic 
manifold M = X'^/T is defined over 5 if F is conjugate to F' which satisfies 



r'< n SO+(n„l)(fcO 



l<i<JV 

Remark 4.3. In dimension n = 3, there is an exceptional isomorphism between 
S0+(3, 1)(R) and PSL2(C). For any field i C C, we define the set of L-points 
EI|^ of H^ to be the orbit of a fixed rational point xo under PSL2(L). In what 
follows, the fields fci corresponding to hyperbolic components of X of dimension 3 
will therefore be viewed as subfields of C rather than M. 

Theorem 4.4. Let M be a complete product-hyperbolic manifold of finite volume. 
Then M is defined over S = (fci, . . . , fcr) where ki are number fields. 

Proof. For arithmetic groups this follows from the definition. For non-arithmetic 
groups, it suffices to consider discrete subgroups of SO~''(n, 1), by theorem |2. II By 
Weil's rigidity theorem, F is conjugate to a subgroup F' of SO^(n, 1)(Q). Since F' 
is finitely generated, its entries lie in a field fc C M which is finite over Q. D 

We define the set of S'-rational points of such a manifold M to be 

(4.1) Ms - X^/F' . 

The set of 5-rational points Ms is dense in M . 

Lemma 4.5. The fixed point z e 9H" of any parabolic motion 7 G SO^(n, l)(fc) 
is defined over k, i.e., z € dW^. 

Proof. In the Klein model for hyperbolic space, the group SO^(n, l)(fc) acts by 
projective transformations on the absolute 5H" = {zi,...,2„ : X^i ^f — ^l- I* 
follows that a point z S 9IHI" which is stabilised by 7 G SO^(n, l)(fc) satisfies an 
equation 72 = z, which is algebraic in the coordinates of z, and has coefficients in 
fc. If 7 is parabolic, then this equation has a unique solution on the absolute. By 
uniqueness, z coincides with its conjugates under Gal(fc/fc), and hence z g 9IHI^. D 

4.2.2. The twisted action of the symmetric group. Now let E = {cri, . . . , crjv} denote 
a set of distinct real embeddings of a fixed field fc as above. Set ki = aik, and let 
S = (fci, . . . , fcAf). For each pair of indices 1 < i,j < N, there is a bijection 
cTiCrJ^ :^k- ~~' ^ki ■ Let &n denote the symmetric group on N letters {1, . . . , N}. 
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Definition 4.6. If the dimensions of all hyperbolic components rii are equal, the 
symmetric group &n acts on Xg — Yli=i ^k- ^^ follows: 

7r(xi, . . .,xn) = (cricr^(\)a;^(i), . . . , crjvCT^(\r)a;x(JV)) , where tt e 6n ■ 

We define the equivariant points of X5 to be the fixed points under this action. 
This is identified with H^, via the embedding e : a; 1— > (cti(x), . . . , (Tjv(a;)). 

Definition 4.7. A product-hyperbolic manifold M — 0^=1 ^"V^ i^ equivariant 
with respect to ©at if F lies in the image of 

e:SO(n,l)(fc) — > ]J SO{n,l)(<T,{k)) 

l<i<N 

A ^ (ai(A),...,a^(A)). 

Note that the fixed point of a parabolic motion on an equivariant product-hyperbolic 
manifold is necessarily equivariant. 

4.2.3. Geodesic siniplices and the action of &m ■ Let X be a space of constant curva- 
ture of dimension n > 2. If Xg, . . . , a;„ are n-\-l distinct points in X, let A(xo, . . . , a;„) 
denote the geodesic simplex whose vertices are Xq, . . . , x„. This is defined to be the 
convex hull of the points {xq, . . . , x„}. For this to make sense in spherical space, we 
have to assume that all vertices lie in the same half-sphere. If the points xq, . . . , x„ 
lie in a geodesic subspace, then A(xo, . . . , x„) will be degenerate. In the case where 
X is hyperbolic space H", we can allow some or all of the vertices Xi to lie on 
the boundary 9H". One can show that such a simplex A(xo, . . . ,x„) always has 
finite, and in fact bounded, volume. The simplex A(xo, . . . , x„) is said to be defined 
over a field k C M, if xq, . . . , x„ G Xfe. Suppose that we are given a map of fields 
a : k ^^ k' . It induces an action on geodesic simplices over defined over k: 

(4.2) crA(xo,. ..,x„) = A(o-xo,. .. ,o-x„) C Xfe/ . 

This action does not extend continuously to the interior of the simplex, and two 
simplices with non-empty intersection can map to simplices which are disjoint. In 
a product of spaces of constant curvature, we consider products of the form 

(4.3) A = Ai X ... X Aat , 

where A^ are geodesic simplices in each component. We call this a geodesic product- 
simplex. It is defined over the fields S — (fci, . . . , fc^r) if A^ is defined over ki for all 
1 < z < TV. In the equivariant case S — {crik, . . . , aiqk), and all Ui are equal, the 
symmetric group &m acts on geodesic product simplices defined over S as follows: 

(4.4) 7r(Ai X ... X Aat) = cricr^^^j A^(i) x . . . x cricr^(^jA^(Ar) for any tt e 67V ■ 

4.3. Generalities on virtual triangulations. Let M denote a flat-hyperbolic 
manifold. In order to decompose M into products of geodesic simplices, we must 
consider geodesic polytopes in products of Euclidean and hyperbolic spaces, which 
may have vertices at infinity. Let P denote an n-dimensional convex polytope in 
Euclidean or hyperbolic space. A faceting F{P) of P is a finite collection of closed, 
{n — l)-dimensional convex polytopes Fi C dP such that: 

(1) Each face of P is a disjoint union of facets. 

(2) Any two facets are either disjoint or meet along their common boundaries. 
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The set of all codimension 1 faces of P, for example, defines a faceting of P. A 
product-polytope in X is a product of convex geodesic polytopes, and one defines 
a faceting in a similar manner. For any product-polytope P, let P^ denote the 
polytope P with all infinite components removed. Now let R denote a finite set 
of geodesic product-polytopes in X , and suppose we are given a faceting for each 
product-polytope in R. A set of gluing relations for i? is a way to identify all facets 
of all polytopes P G R in pairs which are isometric. Let 



T ^ 



U^v 



PER 

denote the topological space obtained by identifying glued facets. Now let x be any 
point in a facet of P € i?. The cycle of x is the set of all polytopes which contain 
X after gluing. The solid angle at x is defined as follows. Let 

n ^-.(^) "" n ^-.(^) ^ n i^"' ^ n ^"^ > 

jeih «e/c j&ih 



B^e) 



leh 



denote a product of Euclidean and hyperbolic spheres centered at x = H ^i ^ 11 ^j of 



radius e <C 1 in each direction. For every product polytope P 
in the cycle of x, the solid angle at x is 



U.eiP^^U.eiP^ 



<x) = n 



ie/e 



Y0\{P,C^B,^{e)) 
vol(B,,(e)) 



xn 



yo\{P,r\B.,^{e)) 
vol(B,.(e)) 



R is said to be proper if, for all x e i?, the sum of the solid angles over all polytopes 
in the cycle of x sum to 1: 

"^ 1 . 



p 



IpiX 



When this is the case, it is possible to glue all the spherical sectors Bj. (e) n P back 
together to reconstitute Bj.{£). This defines a local chart at x. One proves ('50j, 
§11.1) that T is a flat-hyperbolic manifold if and only if it is proper. It will not 
necessarily be complete, however. A product-tiling of M is then an isometry 



(4.5) 



f:T 



M 



Since facets may be strictly contained in the faces of each geodesic simplex, the 
tiling is not always a triangulation and may resemble a wall of bricks (figure 1). 




Figure 1. A triangulation in H^ (left), a product-tiling in E^ 
(middle), and a virtual product-tiling with crease over E^ (right). 
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We will also need to consider virtual tilings. To define a virtual tiling, consider 
a continuous surjective map / ; T — > M, of finite degree which is not necessarily 
etale. We assume that T is proper, and that the restriction of / to the interior 
of each product polytope P in T is an isometry. We define the local multiplicity 
of / on P to be +1 if /|p is orientation-preserving, and —1 if / is orientation- 
reversing. The condition that / be a virtual tiling is that the total multiplicity of 
/ is almost everywhere equal to 1. In the case when M is defined over the fields 
S = (fci, . . . , k^), we will say that the (virtual) product tiling is defined over S if 
the geodesic product simplices which occur in T are defined over S. 

4.4. Tiling of product-hyperbolic manifolds. One can construct a product- 
tiling of any complete, orientable, finite-volume flat-hyperbolic manifold M". In 
order to do this, we apply a modified version of an inclusion-exclusion argument 
due to Zagier [65]. We first need the following excision lemma. 



, Xn and Yi, . . . , y„ denote any sets, and let e G {0, 1}". 



Lemma 4.8. Let Xi, 

We write 

^X,nY, if e, = 0, 

^X,\{X,nY,) if e, = 1, 

and define l^i(e) similarly. Any union of products {Xi x . . . x Xn) U (Yi x . . . x Y„) 
can he written 

(XinYi)x...x(X„nK„)+ Y. ^i(e)x...xX„(e)+ ^ yi(e) x . . . xy„(e), 

07tee{0,l}" 0#ee{0,l}" 

where a plus sign denotes disjoint union. 



Xi(l)xX2(l) 


Xl(0)xX2(l) 


X 


Xi(l)xX2(0) 


xnr 


Yi{l)xY2(,0) 




i'l{0)xY2{l) 


i'l{l)xY2{l) 



Figure 2. Excision of overlapping products when n = 2. 



The proof is clear from the picture. We apply the lemma to a pair of geodesic 
product-simplices in flat-hyperbolic space. Let A — Hie/ ^i ^-^^ ^' = Ilig/ ^'i 
where A.;, A^ are geodesic simplices in E"' or M ' for each i G I. By the lemma, 
A U A' can be decomposed as a disjoint union of products of 

A, n a: , AA(A, n A^) , or a:\(A, n A^) , 
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for i e /. In each case, the intersection of two geodesic simphces (or its complement) 
is a geodesic polytope. Every such polytope can be decomposed as a disjoint union 
of geodesic simphces by subdividing and triangulating. It follows that we can 
triangulate any overlapping union A U A' with geodesic product-simplices. 

Corollary 4.9. Any finite union of product-simplices can be obtained by gluing 
finitely many geodesic product-simplices along pairs of common facets. 

We can now prove the main result of this section, following [65) . 

Proposition 4.10. Every product-hyperbolic manifold M" of finite volume admits 
a finite tiling by products of geodesic simphces. 

Proof. By theorem 14.11 there is a finite decomposition M"- — [J^ M(^) , where M(f ) 
is a cone over a compact flat- hyperbolic manifold with boundary Fg. We first tile 
each piece M(^) by tiling Fg and then taking cones at infinity over this tiling. We 
then obtain a tiling of M" on taking the union of all the geodesic product-simplices 
involved and excising any overlaps using the corollary above. 

By §4.1.11 there is a fundamental set J^ C X" for Af", with a decomposition 
!F = [J^Ti, where .F^ is diffeomorphic to M>q x Di, and Di is a compact domain 
in flat-hyperbolic space UteS^"''^ ^ I\jei\s^'^' ■ ^et tt : X" ^ M" denote the 
covering map. We cover Dg with geodesic product-simplices as follows. 

Since Di is compact, we first choose compact sets Ki C E"'"-'^, Kj C ]HI"j, where 
i & S,j £ I\S, such that Di C OiGS^* ^ Yljeixs -^J- ^^ denote the restriction of 
the covering map Di — > _Fi by tt also. Each set Ki can be triangulated by finitely 
many geodesic simphces Aa/ which are sufficiently small such that any product 
Aq — Yl^^g Aa, X riig/xs ^^'j ' where a = {ai)i^i, is mapped isometrically onto 
7r(Aa). Let a ^ b be indices such that the pair of simphces 7r(A|j), 7r(At,) have non- 
empty overlap. It follows that there is a 7 e F such that 7A11 n A;, 7^ 0. Applying 
the previous corollary to the union 7An U At, , we can replace Aa U At, with a union 
of product-simplices whose interiors are disjoint after projection down to F^ . We 
can repeatedly excise the overlap between simphces to obtain the required tiling 
of Di with product-simplices. To show that this process terminates after finitely 
many steps, let d{x) € N denote the multiplicity of the tiling at each point x E D^. 
Since .7^ is a fundamental set, there is an integer N such that d{x) < N for all 
X & D^. Every time an excision is applied, the local multiplicities d{x) for all x in 
some open subset oi D^ decrease by 1. Since D^ is compact, this process terminates 
when d{x) = 1 almost everywhere. This gives a tiling of D£. 

We obtain a tiling of the end J^i by taking the cone at infinity, i.e., we take every 
product of flat-hyperbolic geodesic simphces that occurs in the tiling of Df. 

J|a(') X Y[a^^'> e ]Je"'-i X [|h"^- , 

i j i j 

and replace it with simphces obtained by adding the points at infinity: 
J|(A(*) , 00) X Jl A(j) e Y[ (lE"'"^ X M U {00}) X Yl H"^ • 

i j i j 

We lift this to a tiling oi Tg C X in product-hyperbolic space by identifying 
jgni-i ^ ^ with a suitable horoball in H '. This gives a covering of each cusp sector 
J-'e by finitely many products of geodesic product-hyperbolic simphces such that 
its image under tt gives a tiling of Mj^-j. However, this does not give a tiling of 
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Til since the tiling may extend into other cusp sectors of T . We can remove the 
overlaps by applying the same excision argument as above. Since any overlaps are 
necessarily compact, we obtain a genuine tiling after finitely many steps. D 

The proof of the theorem gives a tiling and not a triangulation, since the subdi- 
visions used in the excision lemma do not necessarily extend to neighbouring sim- 
plices. Note also that the geodesic simplices which occur have at most one vertex at 
infinity, a fact which will be used later. It does not matter if degenerate simplices 
occur in the tiling. The proof also works for any manifold modelled on products of 
spaces of constant curvature. Figure 3 below shows a product-triangulation of the 
Euclidean equi variant lattice in Z[a/2] C M^. 




Figure 3. The equivariant Euclidean lattice whose vertices are 
{(a + &\/2, a — &\/2) : a,b £ Z}. On the left is a product tiling 
with tiles [0, %/2] x [0, 1] and [V2-l,V2] x [-\/2, 0], and on the 
right is the corresponding tiling of the plane. Also shown are the 
six false faces on each tile, with their gluing relations. 



Remark 4.11. Given a finite virtual tiling of M", one can obtain a genuine tiling 
by subdividing and excising any overlaps using corollary [ 



4.5. Deformation of product-tilings. We will need to move the vertices which 
define a product-tiling so that they lie in a fixed number field. One cannot move 
each vertex individually since this does not preserve the product structure of each 
tile, nor does it preserve the gluing relations between adjacent tiles. In order to 
deform a tiling, one must move several vertices which lie along a geodesic hyperplane 
simultaneously. Suppose z G H"' is a point in the i^^ component of X". If z' is 
sufficiently near to z, we can replace every product of simplices of the form 



N 



Ai X ... X Ai_i X A{z,Xi,...,Xni) X A,;+i 



X A^C J|jfl", 



i=l 
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which occurs in the tihng of M", with a similar product obtained by replacing z 
with z' . Here, A(z,xi, . . . ,a:„. ) is the geodesic simplex with vertices at the point 
z and another Ui points xi, . . . , a;„. € H"', and Ai, . . . , Ajv are geodesic simplices 
in H"*. One can do the same thing for geodesic simplices with coordinates at 
infinity, provided that we only move the coordinates of finite vertices. Equivalently, 
we can move a maximal geodesic polytope P obtained by gluing a finite number 
of adjacent faces Fi together. Such a polytope P can be deformed transversally 
without affecting the combinatorics of the tiling (see below). If P passes through 
another polytope, then this makes a crease, and we obtain a virtual tiling (fig. 1). 




« p 



Let S = (fci, . . . , /cat) denote an ordered set of fields as in fJH 

Corollary 4.12. Suppose that M" is defined over S. Then M" admits a tiling 
with product simplices whose vertices are S -rational. 

Proof. The set of S'-rational points is dense in M". We know by lemma 4.9 that 
coordinates at infinity in the cusps of M"^ are S'-rational. By deforming the triangu- 
lation, we can ensure that all remaining vertices of each geodesic simplex A^ C H"* 
lie in the set of /c^-rational points of H"* , for each i G I. Since the displacements 
can be made arbitrarily small, there is no creasing and we have a genuine tiling. D 

4.5.1. Equivariance. Now suppose that the product-hyperbolic manifold M" is 
equivariant. By the previous corollary, there exists a product-tiling of M^ which 
is defined over S, where S = (fxifc, . . . , cr^k). Let T denote the set of hyperbolic 
product-simplices in this tiling. The symmetry group Sat acts on the product- 
simplices, and preserves the subdivisions of a face F into subfaces Fi: 



F.^F. 



implies that 



'"F = 



=1 



'F; 



for all a E &n- Note that the simplices "'Fi may be oriented negatively, so the right- 
hand sum is a virtual tiling of °'F. Let T denote the set of images of the elements 
of T under a S ©at. We can glue the simplices in T back together according to 
the same gluing pattern to form a virtual tiling of '^A/'\ Since 7\f " was assumed to 
be equivariant, this gives a new tiling of 7\f", which is also defined over S. 

Lemma 4.13. Let M'^ denote an equivariant product-hyperbolic manifold. If T is 
a product-tiling of M" defined over S , then '^T is also a virtual product-tiling of 
M" defined over S, for all a G &n- 
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4.6. Scissors congruence groups and the generalised Dehn invariant. This 
section and the next are not required to prove theorems 11.11 and 11.21 

The scissors congruence group of a space of constant curvature is the free abehan 
group generated by geodesic simphces modulo cutting and gluing. Let y" denote 
E" , §" or H" , and let G denote the Q-points of the corresponding group of isometrics 
(which are not necessarily assumed to be orientation-preserving). Let a denote an 
orientation of V"", and let —a denote the opposite orientation. 

Definition 4.14. The scissors congruence group V{V") is the free abelian group 
on the symbols {A(xo, . . . , a;„), a}, where Xq, . . . , x„ € V^, modulo the relations: 

(1) {A{gxQ, . . . ,gxn),g a} ~ {A(a;o, . . . , a;„), a} for all isometrics g £ G. 

(2) For any n + 2 points xq, . . . , Xn+i G Vn, 

X! (-l)'{^(a;o,---,^i,---,a;„+i),a} = 0. 

0<i<n+l 

(3) {A(a;o, . . . , a;„), a} = if Xq, . . . , a;„ lie on a geodesic hyperplane. 

(4) If 6"+-'^ denotes the symmetric group acting by permutation of the coor- 
dinates, then {A(x^(o)i • • ■ 7 ^-Kin))-: o/} — ~£(7''){A(xo, . . . , a;„), —a} for any 
TT G S"+i with signature e(7r). 

The natural action of Gal((Q/Q) on Vq gives rise to a well-defined action on ViV"'). 

Now consider the case of hyperbolic space Vn = Et". Following '53], we de- 
fine a scissors congruence group 7^(111 ) to be the free abelian group on generators 
{A(a;o, . . . , Xn), a} where we now take a;o, . . . , Xn+i to lie in Hq, modulo the rela- 
tions (l)-(4) above. There is an inclusion: 

(4.6) P{M")^V{W). 

Theorem 4.15. (Sah) The map OTfil) is an isomorphism of abelian groups. 



The theorem says that a hyperbolic simplex with some vertices at infinity is 
stably scissors congruent to a sum of finite hyperbolic simplices, but it does not 
mean that there is an actual decomposition into finite simplices. 

Let LUn denote the volume form on H". The signed volume of {A, a} is the 
integral of w„ over the oriented simplex A. This may be positive or negative, and 
is always finite. This defines a homomorphism 

vol : -P(5") -^ K 

which is compatible with (14. 6p . We need to consider the scissors congruence groups 
of products of hypcrbohc simplices. If X"^ — Hig/ ^"S '^s can define: 



(4.7) 7'(X") = 7'(H"i)0...(g)7'(H"") , 

(4.8) P(X") = V{W)(g)...(g)V{W') . 

Theoreom 14. 151 implies that the natural inclusion is an isomorphism: 

(4.9) ViX") ^^V{T) . 

The volume map vol :V{'K ) ^ M is defined on generators {Ai, ai}®. . .(g) {A, «„} 
to be the product of the volumes JliLi vol({A, ai}). This is compatible with 
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4.6.1. The Dehn invariant for products of hyperbolic spaces. The Dehn invariant is 
defined for all spaces of constant curvature, but here we consider the hyperbolic 
case only. It is a homomorphisni: 

ri-2 

defined on generators {A, a} of P(]HI") as follows [H] . An i-dimensional face F of A 
defines a geodesic plane in H" which is isometric to H'. The face F defines a geodesic 
simplex Ap inside it. After choosing an orientation ap of this plane, we obtain 
an element {AF,aF} e 'P(Il'). Next, we define an element Ap± £ ^(S"-*-!) by 
choosing a point x in the interior of Ap and considering the geodesic {n — i)-plane 
orthogonal to F passing through x. Since a sphere in H" is a isometric to §"~^, the 
intersection of A with a small sphere centered at x defines a spherical simplex Api^ 
(with the ordering on the vertices induced by that of A). This simplex is given the 
orientation ap± which is compatible with the other two, i.e., ap (g) ap± — a. The 
Dehn invariant is defined by: 

D„{{A,a}) = Y,{^F,ap}®{Ap^,ap±} . 

where the sum is over all faces F of A of codimension > 2. In odd-dimensions 
n = 2A; — 1, there is an extended Dehn invariant for the infinite scissors-congruence 
group V{M ) whose definition is due to Thurston: 

n-2 

D„ : nw") -^ 07'(ff ) ® ns''-'-^) . 

i=\ 

It is defined in an identical manner to the ordinary Dehn invariant £)„ in all com- 
ponents corresponding to edges of dimension i > 2. The difference is that the 
one-dimensional edges (which may have infinite length) have to be regularised (see 
[S3], Appendix 2 for details). The maps Z?„ and D„ are compatible with (|4.6p . 

Definition 4.16. Let X" = Ili^i ^"'- '^^^ generalised Dehn invariant is the map: 



N nfc-2 



nfc-j-l\ 



£>„ :7'(X") ^0 ■P(H"ix...xH"''-ixffxH"^+ix...xlI"")(g)7'(§^ 

where £)„ is the tensor product X^feg/ id ® . . . ® I?„j. ® . . . ® id. If the n^ are all odd, 
let Z?n denote the corresponding generalised Dehn invariant on the space 7'(X ). 

4.7. The scissors-congruence class of a product-hyperbolic manifold. Let 

Af " = X"/r be a product-hyperbolic manifold of finite volume defined over fields 
S — (fci, . . . , /cjv). By the tiling theorem, there is a finite tiling T of A/" with 
product-hyperbolic simplices whose vertices lie over S. By corollary I4.12|, the 
scissors-congruence class of T defines an element 

?M" e 7'(X") . 

It is well-defined because a different tiling defines a class which is scissors-congruent 
to .^Tv./n. Now, using the Sah isomorphism 7^(X") — > 7'(X ) , we can pull ^j^^n back 
to define a class ^u" G 7'(X"), the scissors-congruence class of Af". 
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Theorem 4.17. Let M" = X"/r be a product-hyperbolic manifold of finite volume 
defined over S . Assume that Af" has cusps in hyperbolic components of odd dimen- 
sions only. Then the scissors-congruence class £^m" S ^(X") is invariant under the 
natural action of Galiki/ki) x . . . x Gal(A:Ar/fcjv) and satisfies: 

Dni^v^ ) = , and vol(afn ) = vol(M") . 

Now let us suppose that AI" is equivariant with respect to a set of embeddings 
E = {cTi, . . . , ctat} of k. Choose any extension (Jj(J^ : Q ^ Q of the isomorphisms 
(Jj(J~ ■ ki — > kj. This induces a twisted action of &n on V{'K) as follows: 

7r({Ai,ai}(g)...(g){A„,a„}) = e(7r)({cricr^(.\)A^(i), ai}(g). . .(g){cr„cr~(^„jA^(„), a„}) , 

for all TT e &N- Then the action on S.m„ is independent of the choices made, and 

\m- = Cm" e 7'(X") for all n e &n ■ 

In particular, I?nC^^A/") = and voI{'^^m") = vol(Af") for all tt G ©at. 

Proof. By construction, ^m" is well-defined, and vo1(^m'0 = vol(A/'''). It suffices to 
show that the generalised Dehn invariant vanishes on ^m" , which follows from the 
fact that Af" has no boundary. We show that Dn{^M") = 0. Consider any product 
of simplices Aj = Hie/ ^7 which occurs in a given tiling T of Af " constructed 
above, and let F^ be a facet in one component Aq . Then we must check that 

F = a(^) X ... X a('=-^) X Fk X a('=+^) X . . . X a(") 

does not occur in the image of the generalised Dehn invariant. Let Sp denote 
the set of product-simplices in T which meet F. We can assume, by subdividing 
locally, that F is a product of faces in each element of Sp {i.e., locally we have a 
triangulation, and not just a tiling). Then in the sum 



Y^DniA,)^ ^^AW^...^A..(Af)®...®A 



F can only occur in the fc-component id (g) .. (g) Dn^ (81 .. (81 id of !?„• Its coefficient is 
Y, ^0^ (g>...®Fk(g>9jiFk)(g>...(g>A^o'^=F^ J2 ^jiFk), 

where 9j (Fk) £ 'P(§') is the angle subtended at the face Fk in A^- ' , for some I. Since 
Af " is a manifold and the tiling is proper, the sum of these angles is 2tt for each 
k G I, i.e., we have J^jes ^ji-^k) = G 7'(§'). It follows that all faces, including 
those with vertices at infinity, occur with coefficient 0, and hence f^nl^A/'O — 0. 
Since (|4.9p is compatible with D„, we have Dn{£,M") = 0. Now, we showed in 
corollarv 14. 121 that Af„ admits a tiling T which is defined over the set of fields S. 
Therefore T is Ga\{ki/ki) x . . . x Gal(A:jv/A:jv)-invariant, and so too must be its 
scissors-congruence class S.M"- In the case when Af" is equivariant, °T is a virtual 
tiling of Af" by lemma 14.131 for all a E &n. The scissors-congruence class of T is 
'^£,Mn , which therefore coincides with ^m" • D 
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4.8. Poincare's formula for even-dimensional simplices. Let n be an even 
number, and let A be a geodesic simplex in H". For each i-dimensional face F of A, 
choose an interior point x € F. Define 0(F) to be the n — 1-dimensional spherical 
polytope formed by the closure of the set of vectors with origin at x which are in the 
interior of A. This does not depend on the choice of point x. If we set (Tk — vol(§'^), 
then Poincare's formula ([T], §2.4) states that 

(4.10) vol(A) = -^^ ^(-l)'^'-^vol(0p) . 

The formula remains valid for simplices with vertices at infinity on setting 9p = 
for any such F S 9IHI". When n = 2, it gives the formula for the area of a geodesic 
hyperbolic triangle with interior angles a, f3, and 7: vol(A) = a + P + "/ — Stt + 2tt. 



4.8.1. Proof of theorem \3.8l Now consider a product-hyperbolic manifold Af" = 
X"/r where X" = Yli H^"* consists of even-dimensional spaces only. The argument 
in the proof of theorem 14.171 shows that the sum over all angles Op in a tiling of 
M"^ around each face F is a multiple of (Jn-i- It follows that 

(4.11) vol(a/'0e7rS'"*Q^ . 
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5. The motive of a product-hyperbolic manifold 

We show how a triangulated product-hyperboUc manifold defines an element in 
the category of mixed Tate motives over a number field. This builds on ideas of 
Goncharov [29], and [6]. 

5.1. Mixed Tate motives and the Hodge regulator. We recall some standard 
properties of framed mixed Tate motives and their periods [221 [H [3D] . 

5.1.1. Mixed Tate motives over a number field. Let fc be a number field, and let 
MT(fc) denote the category of mixed Tate motives over fc. It is a rigid abelian 
tensor category, and it is the smallest abelian subcategory of the derived category 
of motives which is generated by the Tate objects Q(n), and closed under extensions. 
The relation with algebraic X-theory is the isomorphism: 

(5.1) Ext^(Q(0),Q(n))^{^^^_^(^^^^^ ^l^^; 

One has i^i(fc) — k^ , and it is known by Borcl's theorem ^U\, that for n > 1, 

/,- r,\ 1- /T^ /^\ ^\ f ri+r2, if n is odd ; 

(5.2) d:mQ(if,„_i(Q)«Q) = n± = |^^^ if n is even, 

where ri is the number of real places of fc, and r2 is the number of complex places 
of fc. Although we do not explicitly require (j5.2p to prove theorem 1 1.1[ it is used 
implicitly in the construction of MT(fc) (the Beilinson-Soule vanishing conjecture). 
Every mixed Tate motive M G MT(fc) has a canonical weight filtration, and we 
denote its graded pieces by gr!!'^„M, for n g Z. Following ^, one sets 

c^„(M) = Hom(Q(n),gr!^2„M). 

Then w = ^^^ ujn is a fiber functor to the category of finite-dimensional graded Q- 
vector spaces. One defines the de Rham realisation of M to be Al^fj — uj{M) (g)Q fc. 
Then, for every embedding a : k ^ C into an algebraic closure C of fc, let M„ 
denote the corresponding Betti realisation. There is a comparison isomorphism 

(5.3) comp^jjji : Mdr ®k,a C ^^ M„®qC , 

which is functorial with respect to a. The data consisting of {Mdr, M„, comp^j^^) 
for each a : k ^^ C defines a Q-mixed Hodge- Tate structure we denote iJo-- Its 
underlying complex vector space is MDR(^k,aC, its weight and Hodge filtrations are 
induced from the grading on M^r, and its Q-structure comes from pulling back the 
Q-structure on Ma- via the comparison map (|5.3p . The Hodge realisation functor 
is the map M i-^ Yiak^c ^'^ ^'-' *^^ category of Q-mixed Hodge- Tate structures. 
It is proved in [22] that the Hodge realisation functor is fully faithful, although we 
shall not require this fact. 

Since w is a fiber functor, the category MT(fc) is Tannakian with pro-algebraic 
structure group GMT(fc)- The grading defines a split exact sequence 

-^ G„i -^ Gmt(*:) ^ ^MT(fe) ^ , 

where the group UuTik) is pro-unipotent. 
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5.1.2. Framed objects in MT(/i;) . We recall the notion of framed mixed Tate motives 
from [HEI]. Let M e MT(fc), and let n > 0. 

Definition 5.1. An n-framing of M consists of non-zero morphisms; 

vo e c^o(Af)=Hom(Q(0),gr^M) , 

/„ e u;„(M)^=Hom(gr^2„M,Q(n)) . 

Consider two n-framed objects {M,vo, fn), and (M, Wg,/^). They are said to be 
equivalent (written (A/, vq, fn) ~ (Af', ^oi /«))' i^ there is a morphism 

(/. : M -> M' 

such that 4'{vq) — Vq and /,'i(0) = fn- This generates an equivalence relation on the 
set of n-framed objects. The equivalence classe of (M, vq, fn) is written [M, vq, fn]- 

Let 2l„(/i;) denote the set of equivalence classes of all n-framed objects in MT(fc). 
One easily shows that 2l„(fc) is a Q- vector space with respect to the addition rule: 

(5.4) [M, vo, fn] + [M', V'o, /;j = [M © M', Vq © v'n, fn + fn] , 

and scalar multiplication a.[M,vo, fn] — [M,a.vo, fn] = [M,vo,a.fn] for all a G 
Q^. One verifies that the zero element is given by the class of Q(0) © Q(n) with 
trivial framings, and that 2to(fc) = Q. Consider the graded Q- vector space: 

(5.5) 2t.(fc)=02l„(fc). 

n>0 

It has the structure of a graded ring via the commutative multiplication map 

(5.6) [M, VoJn] X [M\ v'oJ'n,] = [M ® M\ Vo ® V^ fnfj , 

and has a coproduct A = ©„>q A„, where 

(5.7) A„ : 2t„(fc) -^ 2t,(fc) (^q a„_r(fc) 

a<r<n 

is defined on an clement [M,vo, fn] G 2l„(fc) as follows. Let {ei}i<i<jv denote any 
basis in iOk{M), and let {e^}i<i<Ar denote the dual basis in a;fe(M)^. Define 

N 

(5.8) Afc,„_fc[M,t;o,/„] =^[Af,vo,e^]® [M,e„/„](-fc) , 

where [M, ej, /„](— fc) is the Tate-twisted object M{—k) with corresponding fram- 
ings. One verifies that A„ = 0o<fc<„ ^k,n~k does indeed give a coproduct. One 
defines a counit e : 2l.(fc) ^ Q by projection onto the graded component 2lo(/(;), 
and a unit map « : Q = 2to(fc) ^^ 21. (fc). One proves that the above operations are 
well-defined and that 21. (fc) is a graded commutative Hopf algebra (its antipode is 
uniquely determined from the above data). The main result is the following [30] . 

Proposition 5.2. 2l.(fc) is isomorphic to the dual of Uy[T(k)- 

In other words, one can identify 21. (fc) with the Hopf algebra of functions on 
^MT(fc)- The duality is given by the following map: 

(5.9) UMT(k) X 21. (fc) ^ Q 

(0, [M,Uo,/„]) l-> {(p{vQ),fn) - 

The right-hand term is a rational number, because </> € Z//mt(/c) defines an en- 
domorphism of the Q- vector space uj{M). The proposition states that (|5.9p is a 
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perfect pairing. Now define the reduced coproduct A on 21. (fc) by the formula 

A(X) = A(X) — 1(E) X — X (E)l. Its kernel is the set of primitive elements in 2l.(fc). 

Corollary 5.3. There is an isomorphism: 

(5.10) ExtiiT(fe)(Q(0),Q("))=ker(A„:2l„(fc)— > 2l,(fc) ®q 2l„_,(fc)) . 

0<r<n 

This follows immediately from the previous proposition, the finite-dimensionality 
of Ext ^ (equations (|5.ip and (|5.2p ). and proposition A. 15 in [22j. 

The corollary gives a strategy for constructing elements in rational algebraic K- 
theory, which goes back to Bcilinson and Deligne. The essential idea is to write 
down a sum of framed mixed Tate motives, using the cohomology of simple algebraic 
varieties, in such a way that the reduced coproduct vanishes. 

5.1.3. Real periods. To each framed mixed Tate motive [M,vo,fn\ G 2l„(fc), one 
can associate a set of numbers TZ„ indexed by the set of complex embeddings of k, 
in the following way [5S]. Consider the map 

P, : Lo{M) = 0a;„(Af) ^^ M, (Ek,a C , 

n 

obtained by composing comp^^^,^ with the inclusion of w(M) into Mdb. ®k,a C, 
and let P; = {Pa)~^ denote the inverse dual map from to Lu{My to {Ma'»k,aCy- 
The algebraic closure C oi k has a natural conjugation, and enables us to define 
the real and imaginary parts of any element in C, which lie in M. 

Definition 5.4. The real period corresponding to cr : fc '-^ C is the map: 

(5.11) TZa : %,{k) — > R 

n^{[M,voJn]) = (Im((2z^)-"P,«o),Re(P:/„)) . 

One proves that the real period is well-defined, and is a homomorphism for the 
multiplication on 21. (fc). A detailed treatment is given in [5S], §4. Here we have 
normalized the real period so that it gives a real number for all n. It differs by a 
factor of (2i7r)" from the version given in [55]. 

Definition 15.41 has the advantage of being basis-free. For calculations, however, 
one can choose Q-bases oi uj{M) and M^ which are compatible with the weight fil- 
trations, and write P^ as a period matrix. We can assume without loss of generality 
that each graded piece P^ : w„(A/) = gr^2n{^cr ®k,a C) is equal to (27ri)" times 
the identity. The matrix P^ is well-defined up to left multiplication by a unipotent 
lower-triangular matrix with rational entries. In this way, one checks that 

(5.12) R, : Ext]^T(fe) (Q(0), ^{n)) -^ M , 
is given on the level of period matrices by the map: 

P.^((2-r J)^lm(^), where a . C/(2..)" . 

Concretely, a dual period matrix P^ is obtained by integrating a basis of the de 
Rham cohomology of an algebraic variety against a basis of its homology. It is clear 
from the definition of the real period that R^t = Rar, for all t & G. 
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5.1.4. Determinants and the Hodge regulator. Let fc be a finite extension of Q, and 
let S = {cti, . . . , (tn} denote N distinct embeddings of k into an algebraic closure 
C. If we write ki = cri(fc), there is a natural isomorphism: 

N 

(5.13) p - fx, : 2l„(fc) (g) . . . (g) a„(fc) — ^2l„(fci) (g) . . . ® 2l„(fcAr) . 

Let 2l„(fc)'^^ denote the left-hand side of (j5.13p . viewed as a SAr-module for the 
natural action of the symmetric group which permutes the N factors. Let 2ln(A:)'^^ 
denote the right-hand side of (|5.13p . with the induced Sjv-action: 

TT{Mi, (g . . . (g M,J = CTiCT-(\)(M,^(^)) (g ...(E) ar(J-^^^{M,^^^^) for tt G 6jv • 

Now each embedding a : k ^ hi C C defines a real period map Rm on 2l„(fc). We 
define the total real period to be the product: 

Rs ^ R^, X . . . X R^^ : 2l„(fci) (g . . . (g 2t„(fcjv) — > K • 

Let e denote the alternating representation of &n- Then p induces an isomorphism: 

A'^2tn(A;) = (2l„(fc)«^,e)e„ ^ (2t„(fc)®s,£)e„ . 

Definition 5.5. We will denote the right-hand side by 

A'^sijfc) - p(A'^a„(fc)) . 

If, throughout, we replace 2l„(fc) with the subspace ExtJ^T(fe)('Q(0)i Ql"-)) anni- 
hilated by the reduced coproduct, we obtain an isomorphism 

(5.14) p : A'^Exti,T(fe)(Q(0),Q(n)) -^ A''Exti,Tw(Q(0),Q(n)) . 

Definition 5.6. We obtain a regulator as follows. Suppose that k has ri dis- 
tinct real embeddings cri , . . . , (7^ and 2r2 distinct complex embeddings given by 
(7^1+1, • • • , o'ri+r2 and their complex conjugates. Then let 

{(Ti, . . . , (7^1, . . . , crri+r2} : if ri is odd , 
{(Ji, . . . , CTri} , if n is even . 

Now we know from dSH]) and ^^ that dimQ (ExtMT(fe)(Q(0), Q("-))) = |S| = 
n± in both cases, so the n^ exterior power of ExtJ^j'p(fc)(Q(0)7Q('^)) is just its 
determinant, which is a Q- vector space of dimension 1. In this case we can also 
write 

detEExti,iT(fc)(Q(0),Q(n)) for A''ExtiiT(fe)(Q(0),Q(n)) . 
Consider the Hodge regulator map: 

(5.15) i?sop:detExtiiT(fc)(Q(0),Q(rj)) ^^detsExtliT(fc)(Q(0),Q(rj))^M . 

Its image is a one-dimensional Q-lattice in M. We define the Hodge regulator to be 
its covolume. This defines a number R{k) S M/Q^ . 

The Hodge regulator r/f : ExtJ^rp,j,s(Q(0),Q(n)) -^ M"± given in the introduction 
(|1.3p is precisely the map rji ~ ®creE ^<^- ^^^ image is a Q-lattice whose covolume 
is i?(fc) modQ^. 

Remark 5.7. By (j5.ip . we could compare the Hodge regulator map with Borel's reg- 
ulator by identifying det (K2n-i(fc) <EQ)= det (ExtMT(fe)(Q(0), Q(")))- It is gen- 
erally expected that they should coincide up to some explicit rational number, 
although we do not know of a direct proof. 
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5.2. Construction of the motive of a product-hyperbolic manifold. We 

define the framed motive of a triangulated product-hyperbolic manifold by summing 
the motives of each geodesic simplex in the triangulation. To do this, it suffices to 
compute the framed motive of a simplex with at most one vertex at infinity. 

5.2.1. The motive of a finite geodesic simplex. First of all, consider the case of an 
oriented hyperbolic geodesic simplex A C H™ with no vertices at infinity. Gon- 
charov's idea is that it defines a mixed Tate motive, in the following way. In the 
Klein model for H"*, A corresponds to a Euclidean simplex inside the unit sphere, 
which represents 51HI™. After complexifying and compactifying, the unit sphere 
inside R™ becomes a smooth quadric Q inside P™, and the simplex A is given 
by a set of hyperplanes {Lqj • ■ • , L„i}. Let L = [J^ Li, and note that L U Q is a 
normal crossing divisor. Write Lj ~ Hiei ^i ^O'' ^W subset / C {!,..., N}, and 
Qi — Q O Lj. Consider the complex: 

(5.16) r"\Q ^ [] Lj\Qj ^ Jl Li\Qj ^ . . . ^ [] Li\Qj . 

|/| = 1 |/|=2 |/|=m 

li Q,L are defined over Q, (|5.16p defines a mixed Tate motive 

(5.17) h{A) = H"'{r''\Q, L\{L D Q)) . 

For any subset J C {1, . . . , N}, we obtain a subcomplex by intersecting with Lj: 

(5.18) Lj\Qj ^ U LjuAQiuJ ^ . . . ^ Y[ LiuAQiuJ , 

|/UJ|=2r+l |/U.7|=2n-1 

The complex (|5.18|) corresponds to the face A n Lj inside Lj\Qj. The inclusion of 
(|5.18p into (|5.16p defines a morphism h{Ar\Lj) -^ h{A). Suppose that m = 2n— 1 
is odd. There is a canonical class 

(5.19) LUQ : Q(-n) ^ ij2»-i(p2n-i\Q) ^ 

whose residue along Q is the difference between the two canonical classes in H^'^~^ (Q) , 
and whose sign is determined by an orientation on Q. Its de Rham cohomology 
class can be written explicitly (see (|5.38p below) and corresponds to the volume 
form on H^"~^ in the Klein model. One verifies that 

(5.20) gra'll/ilA) = i/^"-^(p2"-^0) = Q{-n) , 

and gY^h(A) ^ gx^ H'^'^'^ {V'^'^-^ , L) ^ Q(0). By computing the spectral sequence 
of (|5.16p . one proves that, in the remaining weights, 

(5.21) gr2^„_,)/i(A) = Q(r - n) for 1 < r < n - 1 . 

\I\=2r 

A basis for gr^^_^s/i(A) is given by the images of the classes (|5.20p of all odd- 
dimensional faces. Thus, for each face F of dimension 2i — 1, the inclusion F ^^ A 
induces a map ip '■ h(F) —f h{A) and we set 

(5.22) eF = ^FOUJQnF■.Q{-^)^grY^KA) . 

The classes cp give a canonical basis for a;_i(/i(A)). The details of these calcula- 
tions are given in [29j , and are repeated in the proof of proposition 15.81 below in a 
more complicated case (see also ^5.3\ for an example) . 
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5.2.2. The motive of a simplex with a vertex at infinity. Now consider the case of 
an oriented hyperbolic simplex with a single vertex x on the absolute. As above, 
the simplex A defines a configuration of hyperplanes Lq, . . . , Lm inside a smooth 
quadric Q. This time, the divisor QUL is not normal crossing, so we must blow-up 
the point x at infinity. Let us number the hyperplanes so that Li, . . . , Lm intersect 
at X, and Lq is the hyperplane which does not pass through x. Let P™ denote the 
blow-up of P™ at X, let L_i denote the exceptional divisor, and let Q, Li denote the 
strict transforms oi Q, Li respectively. The complex (|5.16p is now replaced with: 

(5.23) P™\g ^ [] Lj\Qi ^ YL MO/ ^ • • • ^ II Lj\Qj , 

|/| = 1 |7|=2 |/|=m 

where I C {—1, 0,1,..., m}. When {Q, L) are defined over Q, this defines a mixed 
Tate motive we will also denote: 

(5.24) ;i(A) = i/'"(P"\Q, l\(l n Q)) . 

It turns out that this motive has an identical structure to the motive of a finite 
simplex ft.(A) defined by (|5.17|) . except in graded weight 2. This corresponds to the 
fact that the one-dimensional faces of A passing through x have infinite length. We 



Figure 4. A hyperbolic 3-simplex A with one vertex at infinity x 
in the Klein model. After blowing up the point x, the exceptional 
divisor L_i meets the faces of A in a Euclidean triangle. 

now describe elements in gr^ft,(A) which will prove below to be a basis. As in the 
case of a finite simplex, there is a canonical class 

(5.25) Wq : Q(-n) -^ ij2"-l(p2"-l\g) ?^ iy2n-l(p2«-l^g) 

Similarly, for each face F of odd dimension 2i — 1 > 3, the inclusion of the face 
F '—* A. defines a map ip : h{F) — > h{/S) and gives rise to a map: 

(5.26) ep-.ipo uj^^p : Q(-z) -^ gr2T/i(A) . 

The situation is more subtle for one-dimensional faces. Let -F be a one-dimensional 
face which does not pass through x, and so F C Xq- Then (Fn Q) C F is a quadric 
in Pi, and grf h{F) ^ H^{¥^\{2 points}) = Q(-l). Thus we can define a map 
^F ■ Q(— 1) -^ S^Y h{^) ill ^11 identical manner to (|5.26p . This cannot work for 
one-dimensional faces passing through x, because their strict transforms meet Q in 
a single point, and the corresponding classes vanish since iJ^(P^\{l point}) = 0. 
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What happens instead is the foUowing. Let G be a 2-dimensional face of A which 
meets x. Its strict transform corresponds to the complement of the blow-up of a 
smooth quadric in the projective plane P^\(5g. There is a canonical class 

(5.27) ,7q, : Q(-l) ^ H^{^\Qg) - grfh{G) , 

which we define below. As previously, the inclusion of the face G ^^ A induces a 
map Iq : h(G) -^ ^(A), and we define: 

(5.28) o^g^^g'' ^Qo ■ '^("1) ^ S^^h{A) . 

Now consider the set of all faces Li,. . . , L,n which pass through the point x. Their 
strict transforms Li, . . . , Lm intersect L_i in an oriented to — 1 simplex Aqo- This 
can be thought of as the intersection of A with a horosphere around the point x. 
It defines a simplicial complex 

(5.29) Q^0Q^0Q^...^ Q, 

|/| = 1 |/|=2 |/|=m-l 

where each indexing set / C {!,..., m}. The cohomology of this complex is that 
of an ?n — 1 sphere. By augmenting the complex, one obtains a Q-vector space 

(5.30) 14 - ker( Q ^ Q) , 

|/|=,n-l 

spanned by all linear combinations of 1-dimcnsional faces of A which meet x such 
that the sum of coefficients is 0. The face maps of Aqo give a section of (|5.29p 

\I\=m-l |/|=m-2 

which is injective on the subspace Vx- In this way, every one-dimensional edge of 
A meeting x gives rise to a signed linear combination of 2-dimensional faces of A 
meeting x. Finally, for each one-dimensional face .F of A meeting x, we define 

(5.31) e^:Q{-l)-^gyYh{A). 

to be the corresponding linear combination of maps a^ defined by (j5.28p . Clearly, 

(5.32) E^F^O- 

F 

where the sum is over all one-dimensional faces .F of A meeting x. As we shall see 
in the following section, this corresponds to the fact that there is a relation between 
the internal angles of the Euclidean simplex at infinity Aoo . 

Proposition 5.8. If m ^ 2n - I is odd, gr^/i(A) = ff2n-i(-p2n-iyQ>) g^ Q(-n), 
and gT^h{A) = grjf i/2n-i(-p2«-i^ 2^) 9^ Q(0). In weights > 4, 

(5.33) gr^„_,)/i(A)= Q(r~n) for l<r<n-2. 

\I\=2r 

A canonical basis is given by the classes Cp for all odd- dimensional faces F of A. 
In graded weight 2, we have 

(5.34) giT/^(A) = Q(-i)™(™+i)/2-i ^ 

which is spanned by the classes Cp for all 121i!21 — i one- dimensional faces F of A, 
subject to the single relation ^5.32\ for the faces which meet the point at infinity x. 
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Proof. Recall that the cohomology of a smooth quadric Q of dimension £ vanishes 
in odd degrees, and satisfies H^^(Q) = Q{—i) for 1 < i < £, unless £ = 2k is even, in 
which case H'^^{Q) = Q(-fc)©Q(-fc) in middle degree [17]. When £ > 1, the strict 
transform Q is just the blow-up of Q in the point x. From the Gysin sequence: 

... — > H'~^{Q){1) — > W{r") — > i/*(P"\Q) — > H'-\Q){1) — > ... , 



we deduce that 



(5.35) iJ'(P'"\Q) 



-n) , if i = ni is odd and equal to 2n — 1 
-1), ifi = 2; 
if i = ; 
, otherwise . 



The generator of iJ™(P™\(5) when m is odd, is the image of the canonical class 
iJ™(P™\Q) -^ i/™(P™\Q) and is given by the difference of the two classes on the 
quadric (see below). 

The complex (|5.23p defines a spectral sequence converging to gr^ft,(A), with 

(5.36) i;^ = iJP(Z/\Q/) forg>l, and S°'« = i/''(r"\Q) . 

\i\=q 

Observe that L^i\Q-i is isomorphic to afHne space, and therefore H^{Li\Qi) — 
for all / which contain —1, and all p > 1. For all sets / containing the index 
0, Li\Qi = Li\Qi is the complement of a smooth quadric in projective space 
and W{Li\Qi) vanishes when i > 0, unless |/| = 2r is even, and i = m — 2r. 
For all other sets /, HP{Lj\Qj) is given by ()5.35p . The spectral sequence (|5.36p 
degenerates at E2, and one deduces that for 1 < r < n — 2, 

(5.37) gr^„-.)MA) = H^^-^^-\Li\Qj) . 

|/|=2r 

To compute gr^/i(A), observe that 

El'' ^ Q(-l) = Q(-1)(") for0<fc<m-2. 

/C[m],|/|=fc 

where [m] denotes {1, . . . , m}. The complex ^ E-^' ^ E-^' — + . . . ^ _Ej^'™~ , is 
precisely the complex (|5.29p . and we deduce that its cokernel is 

j^2.n-2 ^ Q(_l)™-1 ^ V, ®Q Q(-l) . 

Finally, we consider the one-dimensional edges. If |/| — m — 1, then Lj = P^. It 
meets the blown-up quadric Qi in two points if G /, and in exactly one point if 
^ /. In the latter case H^{Lj\Qj) — 0, so we have 

E^^""-^ = eI^"'-^ = Q(-l) = Q(_i)™(™-i)/2 ^ 

06/, |/|=m-l 

since Lq n L_i = 0. In total, we have 

We have gr^/i(A) = gr^,_ii72n-i(p2n-i\Q) g^ Q(-n), and also 
gT^h{A) = kcr{ Q(0)- 

|/|=2n-l |/|=2»i-2 
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since the hyperplanes L form a simplicial complex which has the cohomology of a 
sphere. This gives (|5.33p . D 

In both cases, whether A has a vertex at infinity or not, we have 

gvZK^) = gr^i?2"-\P^'-^Q) and gro^/.(A) = gr^ H^-\¥^-\ L) . 

This enables us to define framings on /i(A) as follows. As we saw earlier, the 
class WQ (respectively, uJq) gives a framing on iJ^"~-^(P^"~^\(5), and there is a 

canonical morphism grJ^/i(A) ^ Q(0) given by the complex of faces L of A. In the 
Hodge realisation, we can write these classes explicitly. Let xq, . . . ,X2n~i denote 
coordinates on p2"-i ^ and let q = ^ ■ UijXiXj be an explicit quadratic form defining 
the quadric Q. Then 

5.38) ujQ = ±i" Vdet q—^-^ — , 

q"{x) 

defines a class [ujq] which generates iJ^"^^(P^"^^\(5). It does not depend on the 
choice of coordinates. The framing on gr^ft,(A)^ is given by the relative homology 
class of the real simplex A, which defines a class [A] e gr^iJ2n-i(P^"~^, i) — 
grJ^/i(A)^. Now suppose that A has an orientation. If A is positively oriented, we 
can, for example, normalise the signs of [A] and [ujq] such that, 

vol(A) ^ i^-" [ ujgeR 
Ja 

is positive, otherwise, if A is negatively oriented, we replace one of the framings 

with its negative so that vol(A) < 0. 

Definition 5.9. Let A be an oriented hyperbolic geodesic simplex in H^"^^, with 
at most one vertex at infinity. Suppose it is defined over a number field k. Let 
h{A) be defined by (|5.17p in the case where A is finite, and by (|5.24p in the case 
where A has a vertex at infinity. We set 



(5.39) mot(A) = [/i(A), [cjq], [A]] (n) e 2t„(fc(V| detg|)) . 

Note that this framed motive can be defined completely motivically, i.e., with 
morphisms of complexes of varieties and without reference to the Hodge realisation. 
However, it will be more convenient for us to write the framings in terms of the 
Hodge realisation. 

Remark 5.10. One can extend the definition to the case where the simplex A is 
degenerate. In this case, mot(A) is equivalent to the zero object. Likewise, in 
the even-dimensional case, the group i/'"(P™\(5) vanishes by (|5.35|) . and so there 
is no non-zero framing. Therefore, mot(A) is non-zero only in the generic, odd- 
dimensional case. 

5.2.3. Definition of the framed motive of a product-hyperbolic manifold. We first 
require the following subdivison lemma. 

Lemma 5.11. Let xq, . . . ,Xm be distinct points in Hq in general position except 
that at most one may lie on the absolute, and let A(a:o, . . . , Xm) denote the geodesic 
simplex whose vertices are given by the Xi. Given any finite point y G Hj?; 

rn 

(5.40) mot(A(a::o, . . . , a;™)) = ^ mot(A(xo, . . . , Xi-i,y, Xi,..., Xm)) ■ 

4=0 
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Proof. Suppose that xo lies on the absolute, and assume that xo, ■ ■ ■ ,Xm,y are in 
general position. Let Li, for i £ I, denote the set of (™^ ) hyperplanes spanned 
by all 771-tupIes of points in {xq, . . . , Xm, y}, and let J C / denote the subset cor- 
responding to 771-tuples in {xq, . . . ,Xm}- Let Q denote a smooth quadric in P™ 
corresponding to the absolute of H™. After blowing-up the point xq, and all in- 
tersections of hyperplanes which do not cross normally, we obtain a configuration 
of hyperplanes given by the strict transforms Li of Li and the exceptional loci Lh 
indexed by some set H. Let P™ denote the blow-up, and let Q denote the strict 
transform of Q. The complex 

(5.41) P"\Q^ [] LA{L^nQ)^ Jl L,,\{L,,nQ)^... 

ieiuH i.jeiuH 

defines a mixed Tate motive. There are unique framings on it such that it is 
equivalent to X)i^o rnot(A(a;o, . . . , Xi-i,y, Xi, . . . , Xm))- Likewise, the complex 

(5.42) P'"\Q ^ Y[ ^A(^. nQ)^ YL L,j\(l,, nQ)^... 

ieJuH ijeJuH 

also defines a mixed Tate motive, which can be given unique framings making 
it equivalent to mot(A(a;o, . . . ,a;m)). The inclusion of (|5.42p into (|5.4ip is the 
required equivalence of framed motives, and corresponds to the fact that the relative 
homology class [A(a;o, . . . , Xm))] is equal to the sum of the relative homology classes 
^™ Q[A(a;o, . . . , Xi-i,y, Xi, . . . , Xm))]- The proof is similar in the case where all 
points Xi are finite, or when xq, . . . , Xm, y are not in general position, in which case, 
some of the framed motives in (I5.40p will be zero. D 

When TO = 2n — 1, Goncharov proves a different, but equivalent, version of this 
lemma for finite simplices 1291 : given m -\- 1 hyperplanes Mq, . . . ,Mm in general 
position over Q, and letting A^ denote the oriented geodesic simplex bounded by 
the hyperplanes Mq, . . . , Mi, . . . , Mm, one has ^™ q(— l)™mot(Ai) = 0. 

Definition 5.12. Let M denote a finite- volume product- hyperbolic manifold mod- 
elled on X" = H2"i-i X ... X h2"«-i and defined over the fields 5 = (/ci, . . . , fcAr). 
By theorem 14. 17[ M admits a product-tiling 

M 

M = 5]A«x...xA«, 

where A^ is a geodesic simplex in H ' which is defined over kj, and which has at 
most one vertex at infinity. The (framed) motive of M is defined to be the element 

M 

(5.43) mot(Af) = V mot(Af^) (g) . . . ® mot(A^^) e a„i(fci) ® . . . (g) 2l„„(fcAr) . 



j=i 



It follows from lemma [5. Ill that mot(A/) is well-defined, since one can construct 
a common subdivision of any two distinct product-tilings of AI. Note that the 
definition requires that each component of X" be of odd dimension, since the motive 
of a simplex in even-dimensional hyperbolic space is by remark [5. 101 
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5.2.4. Vanishing of the reduced coproduct. We must next prove that mot(Af ) is a 
product of extensions of Q(0) by Q{n). Let A be a geodesic hyperbolic simplex 
defined over Q with at most one vertex at infinity. In ^15.2.21 we constructed a 
basis of gr^/i(A) in terms of the classes e^, where F ranges over all faces of A of 
dimension 2i — 1. For every such face, we define 

(5.44) mot{F)^[h{A),ep,[A]], 

where, as usual, the framing coming from the homology class [A] S gr^/i(A) should 
be thought of as an appropriate morphism of complexes. If F is of dimension > 3, 
or is of dimension one and does not meet a point at infinity x, then mot(_F) is 
equivalent to the motive of F, and the definition is compatible with (|5.39p . If F 
is one-dimensional and passes through x, then mot(i^) is a linear combination of 
motives coming from 2-dimensional faces of A, framed by the classes (|5.28p . With 
this definition, we can write the reduced coproduct of h{A): 

A(mot(A)) = ^ mot(i^) (g) cp , 

F 

where the sum is over all odd-dimensional strict sub faces F of A. We say that cp is 
the coefficient of the face F. It is a framed motive that we will compute in t ^5.2.7l 

Lemma 5.13. Let S C H" be triangulated by a finite number of simplices S = 
^j^j^ Ai. Suppose B is a compact set contained in the interior of S, and Fq is a 
face in this triangulation which is contained in B. Then in the reduced coproduct 

M M 



A( ^ mot(A,)) ^Y.Y. """^(^^ ® ^^ ' 






the coefficient X)i=i '^f '^f ^o vanishes. 

Proof. The coproduct respects subdivision (|5.40p . so we can modify the triangula- 
tion inside B without affecting the coproduct. But we can find a different triangula- 
tion of S in which Fq does not occur at all, so its coefficient must be 0. Another way 
to see this is in the proof of lemma [5. Ill There, the framed motives defined by the 
complexes (j5.4ip and (|5.42p are equivalent. Since no hyperplane passing through y 
appears in the latter complex, it cannot occur in the reduced coproduct. D 

The same method of proof gives a similar result for faces passing through a point 
at infinity x € SH", including the one-dimensional ones. 

Lemma 5.14. Let x G (9H", and let S C M be triangulated by a finite number of 
simplices S = X]i=i ^i^ where each Aj has at most one vertex on dM" which is nec- 
essarily the point x. Let B be a compact set contained in a horosphere around x, and 
let Bx denote the open cone over B with vertex at x. Suppose that B^ is contained 
in the interior of S , and let Fq C Bx be a face in this triangulation which passes 
through x. Then the coefficient of Fq vanishes in the coproduct Af^^^j^ mot(Ai)). 

Theorem 5.15. Let M be a product-hyperbolic manifold defined over the number 
fields (fci, . . . , kff) as above. Then mot(M) e 2l(fci)(X). . .(8)2t(fc7v) defines an element 
m ExtiiTCfcoCQW' 'Q("i)) ® ■ ■ • ® Exti,T(fe„)(Q(0), Q(niv)) . 

Proof Let X" == ^^=lI^^"'"^ and M ^ X"/r. By corollary gTl M admits a 
finite tihng with product simphces J2i=i ^i x • • • x ^^ defined over (/ci, . . . , /cat) 
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with at most one vertex at infinity. This tihng hfts to a F-equivariant tihng of X". 
Consider any finite face of A]^*^ x . . . x A]^ , which is necessarily of the form 

E — El X ... X EjM , 

where Ej is a face of A^*^ for 1 < j < A^. Let i^ = Fi x . . . x Fjv be a lift of the 
face E in the tiling of X", and let B C X" denote a compact ball containing F. By 
subdividing, we can assume that the tiling is a triangulation in the neighbourhood 
of B. There exists a finite number of elements 71, ... , ^k G T, such that 

K M 

^-EE7KAf'x...xA«), 

completely covers B. The conditions of lemma [5.13l hold in each component, and we 
conclude that the coefficient of Fj vanishes in the j"^ component of the coproduct 

idi (g) . . . (8) id-,„i (g) A (g) idj+i (g . . . (g idAr(mot(S')) , 
for each 1 < j < N . Since each 7^ is an isometry, 

K 

mot(5) == ^ mot(7,A/) = Kmot{M) . 

i=l 

We conclude that the coefficient of mot{Ej) in the j"^ component of the coproduct 
idg). . .g) Ag). . .g)id(mot(M)) is zero. A similar argument using lemma [?. 1 41 implies 
that the coefficients of all faces with a vertex at infinity vanish too. It follows that 

mot(Af ) € ker A„^ g) . . . g) ker A„„ . 

The statement of the theorem follows on identifying ExtJjrp,^.N((Q(0), (Q(ni)) with 



ker A„ J 21 n y ^v coroUarv lOl D 

5.2.5. Another proof of theorem \5.15[ Consider the p graded part of the reduced 
coproduct Ap(mot(Af)). Let V C 2tp(Q) g) 2l„_p(Q) denote the vector space 
spanned by all the terms which occur in the reduced coproduct: 

mot(F) g) CF 

where F ranges over all faces in the triangulation of M . Since the triangulation 
is finite, V is finite dimensional, and we set Ap(mot(M)) = w e V. Now consider 
two large balls B^. C B^+s of radius r and r + s respectively contained in X". 
Fixing a sufficiently large s, we can find, for all r sufficiently large, 71, . . . ,7Ar,. 
such that Br C Ui<i<Ar li{D) C Br+s is a triangulation, where D = X]i=i ^i ^ 
... X IVj^ is the lift of a tiling for M to X" as above. Consider the complex of 
hyperplanes which defines the motive mot(lJj 7^(1?)). This is framed equivalent to 
the same complex from which we have removed all internal hyperplanes, by the 
same argument as in the proof of lemma 15.111 Therefore, the reduced coproduct 
Aj,(mot(M)) can be computed by considering all faces F of the triangulation which 
lie in between B^. and B^+s- By volume considerations, the number of such faces 
is of order r^^™^"^!). On the other hand, we have mot(lJ,. 7i(M)) = N,. mot(M), 
and therefore, Ap(mot(M)) = NrV where Nr is of order r*^™^ . Thus v must be 
equal to 0, otherwise iV^ v would simultaneously be of order 7.(^1™ x"-i) ^^^^ ^^dimX" 
in any given basis of V, which gives a contradiction. 
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5.2.6. The twisted Galois action. It remains to show, in the case when M is equi- 
variant, that its framed motive mot(M) is a determinant. Assume that all hyper- 
bolic components are of equal odd dimension 2n — 1, i.e., rii = . . . = un, and let k 
be a totally real number field with a set of embeddings S = {cti, . . . , (Tjv} into Ro 
Let ki = ai{k) and suppose that M is equivariant with respect to E. 

Theorem 5.16. Let M be an equivariant product-hyperbolic manifold as above. 
Then, in the notation of ^5.1.4\ the framed motive of M is a determinant: 

mot(Af) e A^2l„(fc) . 



IS 



Proof. Let M = J2i=i ^i x • • ■ x ^^ ^e a product-tiling for M, where A^-*' 
defined over fcj, and has at most one vertex at infinity. Since the cusps of M are 
equivariant (lemma 14. 5p , the image of this tiling under the twisted action of the 
symmetric group &n is another tiling for 7r(Af) = M (lemma l4.13p : 

M 

M = E(^i%\)^ta)) ^---^ {<yN<J-[()A%^) , for all ^ e S^ , 

It follows that mot(Af) and mot(7r(Af )) are equivalent up to a sign, determined by 
the action of tt on the framings. First, tt preserves the framing in grJj^mot(M)^ cor- 
responding to the fundamental class of M, precisely because M is equivariant. The 
framing in gr^mot(Af ) corresponds to the volume form on X", which is alternating: 

7r[wQi A ... A WQ„] = e{Tr)[ujQ^ A ... A ujqj^] , for aU n E 6n ■ 

This is because each form loq. is of odd degree, since each hyperbolic component 
of X" is, by assumption, of odd dimension. In conclusion, the framed motive of M 
is alternating under this action of ©at, i.e., 



mot(A-/) = e(7r) 7r(mot(A-/)) for all tt e S 



N 



Thus mot(A'/) S 2l„j(CTi(fc)) (g) . . . (g) 2l„j(CTjv(fc)) is a determinant in the sense of 

5.2.7. Quotient motives and spherical angles. Let m — 2n — 1, and let A C Hq 
denote a geodesic simplex with at most one vertex at infinity. As above, it defines a 
set of hyperplanes Lq, . . . , L„i in general position with respect to a smooth quadric 
Q. We wish to compute the coefficient motive cp of an odd-dimensional face F of 
A. It corresponds to a hypcrplane Lj ~ Lj-^ n . . . n Lj^^,, and hence a complex 

(5.45) Q^ Y[ LjnQ^...^ Y[ LjnQ^LjnQ . 

|/| = 1,7CJ \I\=2r-l,ICJ 

This defines a mixed Tate motive which we denote by 

(5.46) hiAp) = H^'^-^Q, y Lj Q) . 

Recall that if Qq is a smooth quadric of even dimension 2d, then H^'^{Qq) = 
Q{—d) © Q{—d). The difference of the two classes defines, up to sign, a map 

VQ„ : Q(-rf) ^ H^^'iQo) ■ 



In the exceptional case n = 2, if we identify S0^(3, 1) with PSL2(C) we can allow k be to be 
any number field L and ai to be complex places of L. 
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One verifies that gr^_2h{AF) ~ iJ^"^^(Q), which is framed by vq, and that 
gr^_2r_2^(A_F) = Q(r + 1 — n), which is framed by the dual of vq^Lj- In the 
Hodge realisation, these framings correspond to the volume form on Q: 



(5.47) Vq = ±z"v/detgy^(~l)'a;-tdxo A ... A d^i A ... A dx2n-i , 

i=l 

and the relative homology class of the spherical simplex Sp C Q(M) cut out by the 
hyperplanes {Lj n Q)ji^j on the set of real points of the quadric Q. The sign is 
determined by the orientations. See ^5.31 below for an explicit example. 

Lemma 5.17. Let A he as above. For every strict odd- dimensional subface F of 
A, the coefficient cp of F is framed equivalent to the twisted motive /i(Ai?)(l). 

Proof. We assume that A has a single vertex x at infinity, and number the hy- 
perplanes Lq, . . . , Lm in such a way that Lq does not meet x, but Li, . . . , L„i do. 
The face F corresponds to a subset J C {0,1,..., m}. If F meets x then set 
J ~ JU {—1}, otherwise set J ~ J, and consider the complex: 

(5.48) p2n-iyQ^ -Q 2,\Q/^...^ U Li\Qj^Lj\Qj. 

|/| = 1,/C.7 \I\=2r-l,ICJ 

Recall that L_i is the exceptional divisor. There is an obvious map from (|5.23p 
to (|5.48[) . Notice that the set of divisors Q and {Lj}j^j are now normal crossing 
in all cases. Blowing the exceptional divisor back down gives a further map from 
()5.48p to the complex 

(5.49) p2"-i\g^ [] Lj\Qi^...^ [] Li\Qj^Lj\Qj. 

\I\ = l,IC.J |/|=2r-l,7CJ 

Finally, taking the residue along the quadric Q gives a map to (|5.45p . This defines 
the required morphism (p : h{A) — > /i(Ai?)(l), and it is an exercise to check that 
the framings are compatible. D 



(5.50) 27n f VQ^ 27r»(»i-" ^-^---^f" ^^ ) vol(5f ) , 



Lemma 5.18. The maximal period of the quotient motive cp is 

1.3... (2n- 3)^ 

UQ ^ ZVl I I l 
'Sf 

where Sp is the spherical simplex defined earlier, and vol(S'i?) its spherical volume. 

We deduce from (|5.32[) that there is a single relation between the dihedral angles 
of all faces F which meet the point x at infinity. This corresponds to the fact that 
there is a single relation between the angles of the Euclidean simplex at infinity 
Aoo since it has an even number of dimensions. 

5.2.8. Volume and the main theorem. The volume of a hyperbolic simplex with at 
most one vertex at infinity is determined by its real period. The proof is identical 
to Goncharov's proof of the same result for finite simplices [29] . 

Corollary 5.19. Let k be a number field and let a : k —> W be a real embedding. 
Let A denote an oriented hyperbolic geodesic simplex which is defined over a{k) and 
has at most one vertex at infinity. Then 

vol(A) = (27r)"i?^(mot(A)) . 



A{M) = (27r)"i+-+""i?E(mot(A'f)) 
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Proof. Let Pa be a period matrix for mot(A). Its first column is given by integrating 
the form uJq over a basis for the homology of h(A). The previous lemma proves 
that, in the basis given by the e~, all entries lie in i~"K except for the first, which 
is given by i"~-^vol(A). Thus, up to signs, Im {{2iTr)~'^ P^vq) is the column vector 
((27r)~"vol(A), 0, . . . , 0), and it follows from the definition and the choice of signs 
on the framings that i?o-[^(A),a;Q, A] = (lra{{2iTT)~"-PaVo),Re{P*fn)) which is 
exactly (27r)-"vol(A) x 1. D 

Putting the various elements together, we obtain the following theorem. 

Theorem 5.20. Let M be a product-hyperbolic manifold modelled on H^"!^-'^ x 

... X H'^""^"'^, and defined over the fields (fci, . . . , kN). Then the framed motive of 
M is a well-defined element: 

mot(M) GExti,T(fei)W(0)'^("i))'^---®ExtJ^T(/c„)(Q(0),Q("Ar)) , 

such that the volume of M is given by the Hodge regulator: 

vol 

If AI is equivariant with respect to T, — {cti, . . . , ctat}, and Ui = n for all i, then 

mot(A/) e A''ExtiiT(fe)(Q(0),Q(n)) . 

5.2.9. Remark on generalised Dehn invariants. An alternative way to prove the 
previous theorem is using Dehn invariants, along the lines of [29]. Let M" = X"/r 
be a product-hyperbolic manifold defined over the fields S = {ki, . . . , fcjv). By §4.71 
M defines a scissors-congruence class ^j\/ € 7'(X"). The map 

: P(H") -^ 2l(Q) 

which to any finite hyperbolic simplex A defined over Q associates the framed 
motive mot(A) gives a map (f> : 7^(X") — > 0i<i<Ar 2ln;(Q) . We can set 

mot(M) = 0(eM) . 

It follows from lemma 15.111 that this coincides with definition 15.121 

Proposition 5.21. 29J. The map 4> takes the kernel of the Dehn invariant to the 
kernel of the reduced coproduct: 

<t> : ker2?2„-i -^ ker A„ '^ Ext;^^(Qj(Q(0), QH) . 

By theorcm l4.171 we have £'n(<^M) — 0. By the definition l4.16l of the generalised 
Dehn invariant, ^m G ker(£)2ni-i) ® . . .® ker(I?2niv-i)j ^'^d therefore 

N 

(^{^m) e ker(A„J ® . . . ® ker(A„„) ^ (g)ExtJ^T(fe.)(Q(0),QW) • 

The fact that (?!>(^m) is a determinant in the equivariant case follows from theorem 
14.171 in the same way as the proof of theorem 15.161 

5.3. Examples. We illustrate the previous constructions with explicit computa- 
tions of the motives of hyperbolic simplices in small dimensions. 
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5.3.1. A hyperbolic line element. First consider the simplest case of a hyperbolic line 
segment L in H^ = M. After complexifying, we obtain a pair of points {xq, xi} G P'^, 
and a quadric Q C P^ which consists of a pair of points {qo,qi} G P^. Then 

(5.51) /l(L) - H'iP\{qo, qi}, {xo, X,}) , 

which is just a Kummer motive, i.e., gi^ h{L) = Q(0)®(Q(— 1). Its maximal period 
is given by the logarithm of the cross-ratio, which is a projective invariant: 



\i: 



dx 



dx 



/ 2 V (xq 



(xi - qo)ixo - qi) 



1 



\og{[xixo\qoqi]) 



1X0 "— 90 x-qi/ -A \{xQ~qn)(xx~q\)' 

The real period of h{V) is half the real part of the logarithm log [a;i a:o|(?Oj ^ilL 
which, up to a sign, is the hyperbolic length of the oriented line segment {xq, a;i}. 

5.3.2. Hyperbolic triangles in the hyperbolic plane. Now consider a finite triangle T 
in H^. It defines a set of 3 lines Lo,Li, L2 and a smooth quadric Q in P^. Then 

h{T) = H^{P^\Q, U UMunQ)) . 

0<i<2 

From (lOTl) . we have gr^/i(T) = Q(-l)3, and gr^ /i(T) = Q(0). Each side of T 
defines a motive (|5.5ip whose period is its hyperbolic length. It follows that h{T) 
splits as a direct sum of Kummer motives, one corresponding to each side, and (the 
dual of) its period matrix can be written: 



/ 1 








\ 


24 


2in 








2h 





2in 





\2i. 








2i7r ) 



where io, ^1, -^2 are the hyperbolic lengths of its sides. Note that the triple {£0, £1,12} 
is a complete isometry invariant for T. Since there is no non-zero framing in 
grJ^ft,(T), the framed motive mot(r) is in this case. 

Now consider what happens when one vertex a: = LinL2 of T is on the absolute. 



and 



Now, 



After blowing up the point x, we obtain a smooth quadric Q in P 
a configuration of four lines i-i, Lq, Li, L2 as shown below (left). 

h{T) = H^{p^\Q, y Z,), 

-l<i<2 

and ((Oi)) gives gr^ /i(T) = Q(-l)2, gr^ h{T) = (Q(0). It is therefore the direct 
sum of two Kummer motives. One of them comes from the inclusion of the side Lq 
of finite length, whose period is its hyperbolic length. To compute the period of 
the other, consider the following diagram. Note that the motive h(T) is uniquely 
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determined by the five points x,p, q,r,s E dM.'^ = P-'^(M). 

Lemma 5.22. The periods of h(T) are given by the two quantities 

/KKo\i> ^1 fi^-'i)'^iP-r){r-s)\ 1 f{p-r){q 

(5.52) ix = t; log 7 777 w T '^"'^ ^0=0 l^S ' 



2 \{x-r)^{p~q){q- s)J 2 V(p-(j)(r 

Proof. The periods of /i(T) define a Kummer variation on the configuration space of 
5 distinct points in P^(]R.) modulo the action of PSL2(IR.). This is the moduli space 
2Ho,5(]R) of genus curves with 5 marked points. By projective transformation, set 
p — Q,q ^ ti,r = t2,s = l,a; = oo. The space of logarithms on 97to,5 is spanned 
by log(ti), log(t2), log(l - ii), log(l - ts), log(i2 - h). The periods of h{T) are 
additive with respect to subdivision (the dotted line above). A simple calculation 
shows that the vector space of additive functions is spanned by the two functions: 

Rewriting ti,t2,l — ti,l — t2 as cross-ratios, we obtain formula (|5.52p . D 

The quantity l^ (resp. £q) is anti-invariant (resp. invariant) under the trans- 
formation (p, q) <--> (r, s) . One checks that £o is the hyperbolic length of the line 
segment Lq, and that £x is the difference of the regularised lengths £i — £2 of the 
sides Li,L2- Here £i is defined to be the length of the truncated line segment of 
side Li up to a horoball neighbourhood of x (depicted by a horizontal dotted line 
at height R in the above diagram (right)). The quantity £1 — £2 is independent of 
the choice of horoball. In conclusion, a (dual) period matrix for h{T) is: 

10 

2£o 2in 
24 2iTT 

5.3.3. A finite simplex in hyperbolic 3 space. Consider a finite hyperbolic geodesic 
simplex A in H"^, which is given by four hyperplanes Lq, . . . , L3 in general position 
relative to a smooth quadric Q in P''. From (|5.2ip . we have 

grYhiA) - Q(-2) , gT^hiA) - Q(-l)6 , gr^/i(A) = Q(0) . 

To compute the periods, and to see why the Dehn invariant naturally appears in 
the coproduct, we look at the skelton and coskelton construction for the complex 
which defines the motive h{A). Therefore, consider the simplicial scheme ()5.16p : 

(5.53) P3\g ^ [J L,\Q, ^ Y[ L,,\Q,, ^ \[ U^k , 

0<i<3 0<i<j<3 0<i<j<fc<3 

and choose an edge Ly of the simplex. It defines a subcomplex 

(5.54) Lij\Qij ^ Y[ ^yfc ' 

fce{0,l,2,3}\{jj} 

which just corresponds to the Kummer submotive of the line element L^ , relative 
to two points, whose real period is its hyperbolic length. Now consider the quotient 
complex of (|5.53p obtained from the set of faces containing the edge Lij : 

(5.55) P^Q <- L,\Q, U Lj\Qj ^ L,j\Q,j . 

The complex (j5.55p consists of two hyperplanes Li, Lj which cut out a spherical 
lunc on the quadric Q (see figure below). The complex 
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Figure 5. The Dehn invariant as a coproduct. Left: the complex 
(|5.54p corresponds to the edge E. We can assume, by projective 
transformation, that Q is the unit sphere and E passes through 
the centre. Its real period is the hyperbolic length of E. Right: 
the complex ()5.55p defines a spherical lune on Q. Its real period is 
the spherical volume of the lune, which is twice the angle 9ij. 



(5.56) 



Q <- (Li n Q) U (Lj DQ)^ Lij n Q 



framed by the difference of the classes of the two rulings in H^{Q), and the difference 
between the points of L^ n Q defines a framed motive H^{Q, {Li U Lj) n Q). This 
is a Kummer motive equivalent to the motive of (|5.55[) via the residue map: 

H^{F^\Q, (L, U Lj)\Q) -^ H\Q., (L, U L,) n Q)(-l) . 

The period is easily computed in spherical coordinates. Suppose that Q is given 
by the equation x^ + y'^ + z^ — \. Then u)q — i{x'^ + y^ + z^ — l)~-^dx dy dz is just 
ip^{l — p^)^^dp sm{(f))d(f) dO . Its residue at p = 1 is i4^^ sm(4>)d(j)d9, which is l/4i 
times the volume form on the sphere. Thus the period obtained by integrating over 
the spherical lune is j^Oij, half the dihedral angle between the hyperplanes Li, Lj. 

Algebraically, this corresponds to blowing up the two antipodes Lij Ci Q on Q. 
The two hyperplanes Li,Lj define two points li,lj on the exceptional locus, and 
there are a further two points coming from the tangents ii, ^2 of Q. This gives an 
isomorphism of (|5.56p with the Kummer motive H^ {¥^\{ti,t2] , {U^lj}) ■ 

If Xij is a tubular neighbourhood around Q of the lune whose boundary is 
contained in LiULj, the relative homology classes [Xij] form a basis for gr2^ft(A)^. 
In conclusion, we can write a (dual) period matrix for mot(A) as follows: 



/ 



1 

24i 





2iTT 



2^23 

y ivol(A) 27r6'oi 



\ 



2in 

27r023 (2«7r)2 / 



where iij is the hyperbolic length of the edge Lij, for < i < j < 3, and 9ij is the 
dihedral angle subtended at that edge. The reduced coproduct map (|5.8p on the 
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level of period matrices can therefore be written as a Dehn invariant: 

Y^ / 1 \ „ / 1 



0<i<j<3 \ ^-^ / V y / 

5.3.4. The case of a simplex in hyperbolic 3 space with a vertex at infinity. Now 
consider the case when A has a single vertex at infinity x = L123. After blowing-up 
this point, we obtain a new hyperplane L_i which is the exceptional locus, and set 

MA) = ij3(p\Q, (J ZA(gnZ,)). 

-l<i<3 

From (lOil) . grf /i(A) = Q(-2), grf /i(A) = Q(-l)5 and grS^/i(A) = Q(0). The 
graded weight 2 part is spanned by the Kummcr submotives coming from each 
of the three finite- length edges Lqi, Lq2, Lq^, whose periods arc their hyperbolic 
lengths, and a further 3 classes ej^, — a^^ — 01^. , for 1 < J < j < 3, where 

is the class whose period is the quantity defined in (|5.52p . The quotient periods 
are the dihedral angles Qij subtended at the edge Lij in all cases, exactly as in 
the case where A is finite. There is a single relation between the classes ej , and 
correspondingly, the angles subtended at infinity ^13, Byi^ ^23 sum to tt. 
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6. Applications 

Let M be a complete product-hyperbolic manifold of finite volume. Then we can 
write M = X/F, where X — Y[i<i<N^"^ ^ ^^^ F is a discrete torsion-free subgroup 
of the group of automorphisms of X. By theorem I4.4[ F is defined over the number 
fields (fci, . . . , A;Ar). In §4 and §5, we constructed a framed motive 

mot(A/) e MT(fci) (E)Q...(E)Q MT(A:Ar) . 

Now let F' denote another discrete torsion-free group acting on X, which is commen- 
surable with F, i.e., F n F' is of finite index in both F and F'. Then if M' = X/F', 

fF • F n F'l 

(6.1) mot(Af') = mot(Af ) } ' \ . 

y J y ' ^ qF' : F n F'] 

This is clear from the construction: a tiling for X/F n F' can be obtained by taking 
[F : F n F'], or [F' : F n F'], copies of a tiling for M, or M' respectively. In this 
way, one can define the motive of a product-hyperbolic orbifold. Let F denote 
any discrete subgroup of automorphisms of X which is not necessarily torsion-free. 
After choosing a torsion-free subgroup Fq < F of finite index, define 

(6.2) mot(X/F) = [F : Fo]"^ mot(X/Fo) . 
Similarly, if M is isometric to a product Mi x M2, then it is clear that 

(6.3) mot(Af ) == mot(Afi) « mot(Af2) . 

By Margulis' theorem l2.11 and the remarks in §2, any product-hyperbolic manifold 
is commensurable to a product of ordinary hyperbolic manifolds ]HI"/F, and arith- 
metic product-hyperbolic manifolds. Since the framed motives of even-dimensional 
hyperbolic simplices are trivial, only the odd-dimensional cases are interesting. 
Therefore, if Af is a product-hyperbolic manifold, its framed motive is a product 
mot(Af) = a{^j^-^ mot(Afi) , where a G Q, and Mi is either an ordinary hyperbolic 
manifold ]HI^"^^/F, or an arithmetic manifold of type (//), [HI) or {IV). We omit 
the exceptional case {IV) and consider cases (//) and (///) below. 

6.1. Dedekind Zeta motives for totally real fields. Let k denote a totally real 
field of degree r, and let to = 2n — 1 > 3 be an odd integer. Let D be a quaternion 
algebra over k satisfying the conditions of (//), and let Q be a skew-Hermitian form 
over D of discriminant d. Set L = k{vd). Suppose that Q has signature (n, 1) for 
t places of fc, and is positive definite for r — i places. As in §3, let 

t 
r < ii+{0, Q) and Mr = W H"/F , 

1=1 

where F is any subgroup of finite index (not necessarily torsion- free) . By remark 
13.11 the corresponding cases F < SO^ {q,0) of type (I) are subsumed in this con- 
struction. Let S = {iTi, . . . , Ur} denote the set of real embeddings of k. 

There are two cases to consider. If L = A;, then the signature of Q must be the 
same for all embeddings, and hence we must have t = r. 

Otherwise, [L : k] = 2, and L has exactly 2i real embeddings, and r — t pairs of 
complex conjugate embeddings. Let r e Gal(L/fc) be a generator. Then the action 
of r gives an eigenspace decomposition: 

(6.4) ExtJ^T(L)(Q(0),Q(ri)) ^E+OE- , 
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where E^ = Ext]^^rp(.j,j(Q(0),Q(n)). Let x denote the non-trivial character of 
Gal(L/A;), and let i(x, s) = CL(s)Cfc(s)~^ denote the corresponding Artin i-function. 

Theorem 6.1. Let F, Mr be as above. Let mot(Afr) denote the framed motive 
corresponding to Mr as defined by ^6.2^ . If k — L then 

(6.5) mot(A/r) G A"" ^+ = A"" Ext]^T(fe) (Q(0),Q(«)) , 

and there exists a non-zero rational number a such that (27r)^™''vol(Mr) is 

(6.6) i?s(mot(Afr))=«Cfc(l-"^) • 
Otherwise, in the case where [L : k] ^ 2, 

(6.7) mot(Afr) e A"" ^" = A"" (r - l)Exti,T(L)(Q(0), Q(")) , 

and there exists a non-zero rational number a such that (27r)^"""vol(A/r) is 

(6.8) i?s (mot(A.fr)) ^aL*{xA~m) . 

Proof. In the first case when k — L, the group T splits over fc, and therefore the 
manifold Mr is defined over (fci, . . . , kr), where ki = aik for 1 < i < r, and is 
equivariant by definition. Then (|6.5p follows from theorem 15.201 and (|6.7p follows 
from corollarv l3.10l 

In the second case, when [L : k] = 2, the group F splits over L, and so M-p is 
defined over (Li, . . . , Lr), where Li = <Tik{\/d), and is also equivariant with respect 
to S. Let T be a generator of Gal(L/fc). By construction, it maps a tiling of M-p to 
another tiling of Mr, and therefore preserves the underlying motive of mot(Afr), 
and preserves the framing in grQ'(mot(Afr))^. However r clearly acts with sign 
— 1 on the volume form (|5.38p . and therefore the framing in grJ^(mot(Afr)) is anti- 
invariant under t. We deduce that 

T(mot(Afr)) = -mot(Afr) ■ 
Now (|6.5p and (|6.7p follow from theorem 15.201 and corollarv l3.10l as before. D 

Note that this result does not explicitly require Borel's theorem on the rank 
of algebraic i^-theory of number fields, although the existence of the category of 
mixed Tate motives implicitly does. Using this theorem (|5.2p . we deduce that 

(6.9) diniQ E^ = r and diniQ E^ = t . 

Note that since vol(A/r) is non-vanishing, theorem 16. II implies, "independently" of 
Borel's theorem (|5.2|) . that dimQ E~^ > r and dimQ E^ > t. 

Definition 6.2. Many different discrete groups F give rise to the same framed mo- 
tive, up to multiplication by a rational multiple. For number-theoretic applications, 
we can take simple representatives for F as follows. Let d G k, and set 



q{xo, ..., a;2„) = -dx„ + .x^ + . . . -f a;: 



2 

''2n 



We define mot(/c,d, n) = mot(Afr), where F = 50^{q,Ok). 

Theorem 16.11 expresses Cfe(l ^ ^ ^'^ ^*(Xj 1 ~ '^) ^s a sum of determinants of 
volumes of hyperbolic simplices. By (|6.9p . these determinants are all multiples of 
each other, so Q{l — m) and L* (x, 1 — m) are in fact given by a single determinant. 
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Corollary 6.3. Let k be a totally real field, and let L = k{vd), where d ^ k is 
positive for at least one embedding of k. Let Efc denote the set of real places of k, 
and Si the set of embeddings of L. Set 

£, = A''''ExtJ^T(fe)(Q(0),Q(«)) , C'^^/^^ (l-r)Ex4T(L)(Q(0),QW) , 
and Cl = A^"' ExtMT(L)(Q(0), Q("-)) "^ Ck <S) C'^- Then the elements 
mot(fc,l,n) , mot{k,d,n) , mot(fc, l,7i) (g) mot(fc, d, n) , 

are generators of the 1-dimensional Q-vector spaces Ck, CJj^, and Cl, respectively. 
Up to a rational factor, the Hodge regulator on each element is, respectively, 

a(l-n) , L*(x,l-n) , a(l-"). 

This is a motivic analogue of Borel's theorem (|l.lip for the fields k and L. 

6.2. Quadric motives and generators for Extiy[rpa.-)((Q)(0), (Q)(n)). Let fc be a 

totally real field, and let L — k{\/d) where d € /c^ is positive for at least one 
embedding of k. Let us fix a smooth quadric Qd in p2"-i given by the equation 

Qd = {-dxl + xl + ... + xl„^0} . 

Definition 6.4. Let Lq, . . . ,Ln denote a set of hyperplanes in general position and 
defined over k. Define a finite quadric motive to be the mixed Tate motive 

(6.10) m(Qd, L) - ij2»-i(p2»-i\Q^, (J LA(L. n Qd)) G MT(L) , 

0<i<n 

with its framing as defined in §5. In the case where Qd, Lq, . . . ,Ln do not cross 
normally, we blow up the points Xi — Li . . . f] Li f] . . . Ln which meet Qd- Let 
p2n-i denote the blow-up of P^"-! in {x, : 1 < « < n\x^ G Qd}, and let L„Qd 
denote the strict transforms of Li, Qd- Define a quadric motive in this case to be: 

(6.11) m{Qd,L)^H^''-\F^^-\Qd, \J L,\{L^n Qd)) eMT{L) , 

0<i<n 

with its framing as given in §5. 

For each embedding of k into R for which d is positive, the images of the points 
Xi define a hyperbolic geodesic simplex in the Klein model which has finite volume. 

Theorem 6.5. Let d G fc such that d is positive for at least one embedding of 
k, and let L = k{yd). Then every element AL G Ext]yjrp/2,)(Q(0), Q(n)) is framed 
equivalent to a linear combination of quadric motives: 

N 

(6.12) M = Y,m{Qd,L,) , 

and its real periods are (27r)^" times the corresponding sum of hyperbolic volumes. 

Proof. Let S be the set of places of k. Let V C 2l„(fc) denote the Q-vcctor space 
spanned by all linear combinations of quadric motives (|6.11l) in p2n-i^ ^^^^ -^et 

Vo C ker (a„ : 2l„(fc) ^ 21,. (fc) ®q 2t„_,(fc) 

0<r<n 
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denote the subspace whose reduced coproduct vanishes. The right-hand side is 
ismorphic to E^ = ExtJ^j-p/j,-)(Q(0), Q(n)), and we identify Vb with its image in E^ . 
Since its regulator does not vanish, we have a non-zero element 

mot{k,l,n)e t^Va^ t\ E+ . 

It follows that dimQ Vq > r, and we know by (|6.9p that dimQ E^ — r. Therefore 
Vq — E^ , and every element in Extj4rp,j,N(Q(0), Q(n)) is a linear combination of 
quadric motives over k. In the case where L = k{\/d) and [L : k] = 2, the same 
argument applied to mot(fc, d, n) shows that every element in E^ is a linear combi- 
nation of quadric motives ()6.11|) with d ^ fc^^. The theorem follows from the fact 
tha,tExtl^T.,^JQ{0),Q{n))^ E+ ®E-. D 



The proof of theorem 15.201 only requires hyperbolic simplices with at most one 
vertex at infinity. We can therefore assume that all quadric motives which occur 
have at most one vertex Xi lying on Qd- Sah's isomorphism (j4.6p shows that any hy- 
perbolic geodesic simplex with vertices on the absolute is stably scissors-congruent 
to a sum of finite ones, and this can always be done over the field k. 

Corollary 6.6. In the decomposition l\6.12]\ of theorem 1 6. 5[ we can assume that 
all quadric m,otives are finite (of the form ^6.10^ ). 

Remark 6.7. Consider the map defined by Goncharov: 

(6.13) 4> ■■ keri^2„-i -^ Ext;^^(Q^(Q(0), Q(n)) . 

The previous theorem is a surjectivity result for (j) in the totally real case. It states 
that Im ((/)) contains ExtMrp(L) (Q(O)i Q('t-)) for every quadratic extension L = k{-\/d) 
of any totally real field k, where d is positive in at least one place. The map (p was 
called 41'' in the introduction, and so this proves theorem 1 1.21 

Corollary 6.8. For L — k{\/d) as above, let ^ G K2n-i{L)'S)Q, and let a : L ^ C 
Then the regulator R^iO *■' "^ linear combination of normalised volumes 

N 

(6.14) R^O = (2^)-" V / c.,(,) , 

where Aj are hyperbolic simplices defined over a{k) C R, and io^j/d) is the canonical 
volume form on P^"~^\(5cr(d)- 

Theorem 6.9. The special value 7r"''C^(l— n) is the determinant of sums of volumes 
of hyperbolic simplices defined over k. Likewise tt"^L*{x, 1 — n), 7r^"'"C2(l ~ "-) '^'"^ 
determinants of sums of volumes of hyperbolic simplices over k{\/d) as in l \6.14^ . 

Note that this theorem uses Borel's bound for the rank of algebraic if-groups 
(|6.9p and does not follow in a direct way from the decomposition of a product- 
hyperbolic manifold into simplices. 

6.3. The case n = 2 and Zagier's conjecture. The case of hyperbolic 3-space 
is different because of the exceptional isomorphism S0(3, 1)(M) = PSL2(C), and as 
a result, the analogues of the previous theorems hold for all number fields, not just 
totally real ones. We can also use ideal triangulations in this case [44] . 

Let us identify the boundary of hyperbolic 3-spacc with the complex projective 
line: dM'^ = P^(C), with the action of PSL2(C) by Mobius transformations. An 
ideal hyperbolic 3-simplex is given by 4 distinct points on the absolute 9IHI'^, and 
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by projective transformation, we can assume that 3 of them are at 0,1 and cxd, 
and denote the last point by z e P^\{0, l,oo}. If z hes in a number field L C C, 
then A(0, 1, oo, z) defines a framed mixed Tate motive by (j6.1ip with graded pieces 
Q(0),Q(1),Q(2). Furthermore, one can verify that it is defined over the field L. 

Now consider an arithmetic group F of type (III) . So let L be a number field of 
degree n with r\ real places and r2 complex places, where r2 > 1, and let < t < r2. 
Let B denote a quaternion algebra over L which is unramified at t real places, and 
unramified &tri—t real places. For any order O in i?, let F denote any subgroup of 
finite index of the elements of O of reduced norm 1. Let S denote the set of complex 
places of L. By triangulating over a suitable splitting field using ideal hyperbolic 
3-simplies (see [44|), we obtain a framed motive mot(A/r), much as before. 

Theorem 6.10. The element mot(Afr) G A^ ExtMT(L)(Q(0),Q(2)) satisfies 

i?s(mot(Afr)) -aC£(-l) ■ 

Borel's theorem (|6.9p implies that the rank of /\ ExtJ^jrp,^N(Q(0), Q(2)) is exactly 
r2, and hence it is generated by the class mot(Afr)- More simply, one can take F 
to be precisely PSL2(Ol)7 where Ol is the ring of integers of L. Then F acts on 
(IHI^)''^ and the quotient is a Bianchi orbifold. We denote its motive by mot(L, 2). 

Corollary 6.11. The element vnot{L, 2) is a generator of /\ ExtJ^rp„ j(Q(0), Q(2)). 

The analogue of theorem 16.51 is the following. 

Corollary 6.12. Every element M € Ext^T^^N (Q(0), Q(2)) is framed equivalent to 
a linear combination of motives of hyperbolic simplices A(0, 1, cxi, z) where z G L. 

A closer analysis of the gluing equations between hyperbolic 3-simplices (or, 
by looking at the coproduct on the corresponding framed motives, which can be 
written explicitly), one verifies that every such element is a linear combination 
J2i=i '"^i mot(A(0, 1, oo, Zi)) where Ui g Z, and the elements Zi £ L\{0, 1} satisfy: 

N 

(6.15) Yl '^^^^ A (1 - z,) = e A'i'' ■ 

Using the well-known fact (see below) that the volume of A(0, 1, oo, z) is given by 
the Bloch-Wigner dilogarithm: 

D{z) = Im (Li2(z) + log \z\ log(l - z)) , 

the analogue of theorem 16.91 is precisely Zagier's conjecture for n = 2. 



Corollary 6.13. There exist formal linear combinations ^j = X) "-i-jl-^i-j] /'"" 1 — 
i < r satisfying (j 6. 1 5\ , and a non-zero rational number a such that: 

a(-l)=adet(i?(a,(0)))- 

Remark 6.14. The previous corollary has been known for some time. By the work 
of Bloch and Suslin and many others, it is known how to relate the Borel regulator 
on K-i{L) ® Q and the Bloch-Wigner dilogarithm D on the Bloch group of L. By 
combining this with Borel's theorem (|l.lip relating Ci,(~l) to K^{L) (g) Q, one 
obtains the statement of the corollary. 

The proof given above, however, is direct, and closer in spirit to Zagier's work 
on the volumes of hyperbolic 3-manifolds [65j which was the prototype for his 
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conjecture. It is interesting to note that in the present, motivic, formulation, both 
Zagier's conjecture and theorem 16.101 are proved by the same argument. This is 
because quadric motives in dimension 3 are polylogarithmic motives. 

6.3.1. The volume of an ideal hyperbolic 3-simplex. The moduh space of ideal 3- 
simplices is 37lo,4 — P^\{0,l,oo}, parameterized by a single coordinate z. The 
volume is a function of z we denote by v{z). By definition (|6.1ip . each ideal 3- 
simplex defines a mixed Tate motive with graded pieces Q(0), Q(l) and Q(2) only. 
It therefore defines a unipotent variation of mixed Hodge structure on 9Jlo.4. In 
particular, by Griffiths transversality the function v{z) satisfies the following prop- 
erties: 

(1) It is a unipotent function on 2Jlo,4 of weight 2. 

(2) It is single- valued and extends continuously to 0Jlo,4 — P^. 

(3) It vanishes at the points 0, 1 and oo. 

The algebra of all single-valued unipotent functions on 9Jlo,4 was explicitly con- 
structed in | 16j . A basis for the vector-space of such functions is Cw{z), where 
w is a word in the alphabet on two letters a;o,a;i. It follows that an arbitrary 
single- valued unipotent function F of weight 2 is of the form 

F{z) = a^2 C^2 (z) + a^roxi ^x„xi (z) + a^^^^ C^^^^ (z) + a^2 C^2 (z) a„, e R , 

where Cx^{z) = ^ log" |zp, £^^{z) = ^ log" |1 - zp, and, for example, 

C^.xAz) = 2J Im (Li2(z) + log |z| log(l - z)) - 2 log \z\ log |1 - z\ . 

One also has the shuffie relation Cxa{z)Cx-i{z) — Cxoxiiz) + Cx^xoiz), and many 
other properties [16]. From property (3), we conclude that v{z) — a{Cxoxi{z) — 
Cxixoiz))- One can verify by calculating a special case, or by closer analysis of the 
differential equations that the constant a — {Ai)~^. This gives 

v{z) = Im (Li2(z) -f log \z\ log(l - z)) , 

which is none other than the Bloch-Wigner dilogarithm. The same result has been 
proved many times over by a wide variety of methods. 

6.4. Some open questions. We conclude with some remarks on possible direc- 
tions for future research. 

(1) Since our proof of theorem 1 1.1 1 is motivic, it is natural to ask what happens 
in other realisations, and in particular the p-adic case. In the case n = 2, 
there is a definition of the p-adic dilogarithm due to Coleman, which satisfies 
the same 5-term relation as the Bloch-Wigner dilogarithm. It would be 
interesting to see how much of the methods of this paper could be extended 
to this case, and whether one can obtain interesting invariants of hyperbolic 
manifolds in this way. 

(2) We have mainly considered arithmetic product-hyperbolic manifolds. In 
the case of ordinary hyperbolic manifolds iV = 1, there exists an abun- 
dance of non- arithmetic manifolds, which also give rise to elements in 
Ext].„™ (Q(0), Q(n)). One can speculate that there exists a volume for- 
mula for non-arithmetic hyperbolic manifolds AI = IHI"/r as a Dirichlet- 
type series whose terms are determined by F (by a Siegel integral formula 
[58l [59]). Such series would be specified by a finite amount of informa- 
tion. This would give an arithmetic formula for the regulator on single 
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elements of ExtJ^rj,,7js(Q(0), Q(n)). For abelian fields, these should be val- 
ues of Dirichlet i-functions, but there does not seem to exist a conjecture 
for what these numbers are in the case of a non-abelian field. 

(3) It is natural to ask whether every quadric motive is framed equivalent to 
a sum of hyperplane motives (|1.4p with the same field of definition. One 
may be able to generalise the argument of the previous section: namely, 
prove that the volume function of an arbitrary hyperbolic simplex defines 
a variation of mixed Hodge structures on a suitable configuration space, 
whose entries are hyperlogarithm functions, and regard these as periods of 
relative hyperplane configurations. 

(4) One should also mimic the same construction for other symmetric spaces. 
The case of the special linear group would enable us to prove a motivic ver- 
sion of our results for the values of Dedekind zeta functions for all number 
fields, and not just the totally real ones. 



X2 — Xi - 


= , 


XZ--X2 = 


= 0, 


Xi-Xz = 


= 0, 


X5-Xi = 


= , 


Xg = 


= , 


-1)XQ + CJ)XI = 


= 0, 


2:3 +2:4 +2:5) = 


= . 
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7. Example: A Coxeter motive for L(x, 3) 

The following example of a fundamental domain, for an arithmetic reflection 
group acting on H^, is due to Bugaenko [IBJ. Only exceptionally few examples 
can hope to have such a simple and explicit description. Let — "^^^ ' ^"^"^ '^'^^ 
k = Q(-\/5). Its ring of integers Ok is Z[(/)]. Consider the quadratic form: 

g(xo,...,X5) = -(j)xl + xl + ... + X5 , 

and let F = SO^(C'fe, g) be the group of Ofc-valued matrices which preserve q and 
which map each connected component of {a; : q{x) < 0} to itself. Then F is a 
discrete group of automorphisms of H^ of type (I) as defined in §2. Note, however, 
that F has torsion. Consider the seven hyperplanes in P^: 

ii 
L2 
L3 

Li 
L5 
Le 

L7 : {1 + (f)) xq + (j) {xi + X2 + 

These hyperplanes bound a convex polytope P. li Q = {x G ¥^ : q{x) = 0} 
denotes the quadric defined by q, the set of real points of P^\(5 (more precisely 
{x G P^(R) : q{x) < 0}) is a projective model for H^. One proves [18], that the 
group generated by hyperbolic reflections in the Li, for 1 < i < 7 generates F, and 
therefore that the interior of P is an open fundamental domain for F. The Coxeter 
diagram for F is the following: 

6 12 3 4 5 7 

<> " O 



The polytope P has the combinatorial structure of a prism, i.e., the product of a 
5-simplex with an interval, and has no non-trivial symmetries. 
Now consider the motive 

h{r) = H\r'\Q,ljl,LML^ n Q)) e mt(q) . 

It has canonical framings [P] G grf" HsiF^ ,[jl=i Li) = (gr^/i(F))^ given by the 
class of the polytope P, and by the class of the canonical volume form 

^^^^ ^loi~^y^^dxo...dx ...dx, ^ ^^^ [c.Q]egrri/^(p^g) = grrMr). 

q[xo,...,Xny 

Let F' denote a torsion-free subgroup of F of finite index. We can construct a 
fundamental domain for F' by gluing [F : F'] polytopes P together. By §4, we know 
that the framed equivalence class of the corresponding motive, which is an integral 
multiple of [h{T), [P], [ujq]], has vanishing coproduct. It follows that: 



mot(F) = [/i(F),[F],M]eExt;^ 



MT(Q) 



The motive h{T) is clearly defined over k, and its framing is defined over L — fc(v^). 
It is clear, therefore, that mot(F) € ExtM'p(L)(Q(0)jQ(3))j and furthermore, that it 
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is anti-invariant under the action of t, the non-trivial generator of Gal(L/fc). This 
is because t fixes h{r) and [P], but sends [ujq] to —[ujq]. Thus 

(7.1) mot(r) e (1 - r) Exti,T(L)(Q(0), Q(3)) . 

By (|5.ip and (|5.2p . the right-hand side is a Q- vector space of dimension 1, and the 
framed motive mot(r) is therefore a generator. 

Next, by the volume computations given in §3, we deduce that 

(7.2) vol(HVr') ^Qx ^\dL/kdk\^^^ ^Qx TT^L* (x, -2) , 

where x is the non-trivial quadratic character of Gal(L/fc). We conclude using the 
fact that vol(IHI^/r) = /rpJw] is the real period of mot(r). 

Corollary 7.1. We have explicitly constructed mot(r) e Ext]y[rp(-^N (Q(0),Q(3)) 
such that T(mot(r)) = — mot(r) and L*{x, —2) = Rr mot(r), where Rr is the real 
period map (Hodge regulator). 

Note that it is possible in principle to compute the exact volume of P, using 
the methods of ^\. Alternatively, it is also known that the volume of a hyper- 
bolic 5-simplex can be written as a linear combination of values of (single-valued) 
trilogarithms. 

Remark 7.2. For the main result of the paper we need instead to take the group 
of Ofe-automorphisms of the quadratic form q{x) = — Xq + xf + . . . + x| whose 
automorphism group now acts on the pair of hyperbolic spaces H^ x H^. The cor- 
responding motive generates detGai(fe/Q) E'Xt]y[rp/;.N(Q(0),Q(3)). Finding an explicit 
fundamental domain in this case should be possible using the methods of Epstein 
and Penner [26], but is complicated in practice. 

The above example has a very simple fundamental domain precisely because it 
is a reflection group. Reflection groups are known only to exist in hyperbolic spaces 
H" for bounded n and for number fields of bounded discriminant (when n > 4). 
The corresponding motives should be of special interest. It is plausible to guess 
that the example above yields the smallest volume hyperbolic 5— orbifold. 
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